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Prof. Dr. Götz Pfander, Jacobs University Bremen
Prof. Dr.-Ing. Martin Bossert, Ulm University
Date of Defence: January 30, 2009
School of Engineering and Science
Jacobs University Bremen

Acknowledgements

This work is the result of my research in the School of Engineering and Science at
Jacobs University Bremen, Germany.
First of all, I would like to thank Prof. Dr.-Ing. Werner Henkel for his supervision
and the confidence in my work. I am especially grateful for the academic freedom he
gave me during my time as a Ph.D. student. Furthermore, I want to thank Prof. Dr.
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Abstract
In this thesis, we present modern and efficient channel coding techniques for the
protection of user data with heterogeneous error sensitivities. Especially multimedia
data being transmitted through communication networks often consist of unequally
important parts, such as header information, essential payload, and additional data
for increased quality. Protecting all data equally makes the transmission inefficient.
A system providing unequal error protection (UEP) may be much more efficient and
improve the perceptual quality at the receiver.
UEP transmitters and receivers should be designed such that transmission errors only
lead to graceful degradation. For good channel conditions, the quality at the receiver is
usually good. If the channel conditions degrade, UEP receivers should still be capable
of exploiting at least the most important data in order to allow for graceful degradation
instead of complete failure.
First, we introduce time-variant, rate-compatible pruned convolutional codes, which
are a counterpart of the well-known punctured convolutional codes. Pruning may be
an alternative to puncturing, especially if no feedback channel from the receiver to the
transmitter is available. Variable-rate code families can be constructed from a given
mother code by selectively pruning state transitions in the trellis of the code, thereby
reducing the code rate. Theoretically, any code rate smaller than that of the mother
code can be generated by applying suitable pruning patterns. We show that the free
distance of a convolutional mother code can be specifically increased by pruning and
that pruned convolutional codes are automatically rate compatible. Furthermore, we
list tables of pruning patterns leading to good decoding results when being applied in
convolutional and Turbo codes.
As an additional result, we present an analysis of hybrid code concatenations and
their decoder scheduling. Time-invariant pruning can be represented as the serial
concatenation of a pruning code and the mother code. Using pruned codes for Turbo
codes leads to a hybrid serial/parallel concatenation. The decoding success of such a
hybrid concatenation strongly depends on the scheduling of the constituent decoders.
We show a detailed analysis of the decoding process and propose an optimisation
strategy for successful decoding with a minimum number of necessary iterations.
Another efficient coding scheme is multilevel coding which is a combination of channel
coding and modulation, where both are jointly optimised. Multilevel codes are not
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restricted to certain types of codes or modulation schemes and are, therefore, very
flexible. The theory of multilevel codes provides a very natural and intuitive extension
to unequal error protection. We present design rules for such systems based on the
optimum design criteria for multilevel codes, i.e., the mutual information. By applying
pruned and punctured Turbo codes as channel codes and higher order signal constellations in the modulation unit, we show examples of an image transmission where the
UEP design yields good results whereas a standard design is not able to reconstruct the
image at the receiver at all. The results and flexibility are further improved by applying
special hierarchical modulation schemes instead of standard signal constellations.
The third part of the thesis contains design strategies for bandwidth-efficient lowdensity parity-check (LDPC) codes providing UEP. An intuitive way of designing UEPLDPC codes is to design the variable node degree distribution in an irregular way. When
dealing with higher order signal constellations, the code bits experience non-uniform
disturbances which have to be taken into account during density evolution. We present
a hierarchical optimisation algorithm using a detailed density evolution and give a list
of optimised degree distributions.
The last part of this thesis is also connected to UEP-LDPC codes and deals with the
UEP properties of different construction algorithms for the parity-check matrix of an
LDPC code. We experience differences in the UEP behaviour of different construction
algorithms despite them producing graphs with exactly the same degree distributions.
We discuss several well-known algorithms and analyse properties of the parity-check
matrix which are relevant for these different behaviours. For an extensive analysis,
we define a detailed check node degree distribution and specify the corresponding
detailed mutual information evolution. In order to confirm our argument, we modify
a construction algorithm without UEP capability such that the relevant properties are
changed and a UEP-capable code is obtained.
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Chapter 1

Introduction
In the last few decades, communication technologies have developed fast due to a
drastically growing demand on the transmission of huge amounts of data. Especially,
many digital communication techniques and standards have recently been developed to
overcome the needs. One may think of Digital Subscriber Line (DSL), Digital Audio
Broadcast (DAB), Digital Video Broadcast (DVB), the Global System for Mobile Communications (formerly Groupe Spécial Mobile, GSM), Code Division Multiple Access
(CDMA), or the Universal Mobile Telecommunications System (UMTS). Compared to
analog transmission schemes, digital communication facilitates compression, copying,
reproduction, protection, and representation of data. However, the transmission over
the channel itself is analog, and digital/analog and analog/digital converters are employed.
One of the most important steps in the development of communication theory was the
pioneering work of C. Shannon [Sha48] where he proved theoretical limits of information
theory, the well-known source and channel coding theorems. An important keyword
is the channel capacity which defines the amount of data which can, theoretically,
be transmitted reliably over a given channel. Details on this will be given later.
Unfortunately, Shannon did not show how to reach these bounds in practice. Since then,
researchers have been working hard on the development of capacity-achieving systems,
and have approached capacity more and more closely. One of the research focuses
within communication systems is channel coding which is employed for increasing the
reliability of a lossy system by adding redundancy before transmission. At the receiver,
the redundant data symbols are used to detect and correct errors.
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1.1. COMMUNICATION SYSTEMS

There are many applications in communication environments that deliver data of
different error sensitivities. Especially in multimedia there exist file formats where
parts of the data are more important than others and, thus, errors due to additive noise
or multipath propagation may have more or less severe effects. These different classes
of importance should therefore be handled differently during transmission. Protecting
all data equally is inefficient and wastes transmission capacities. On the contrary,
important data may be protected better than less important data in order to maximise
the perceptual quality. The aim is to achieve graceful degradation of the quality if
errors occur.
There are other reasons for applying unequal error protection than the properties of
the source data. For time-variant channel conditions one may be interested in a stable
transmission quality by adapting the reliability of the system. Furthermore, data might
be protected differently depending on the user terminal: A big screen TV certainly
needs a higher resolution than the screen of a handheld or a mobile phone.
The unequal protection can be realised in many ways and at different places in a
communication link, e.g., it could be included into adaptive modulation or into adaptive
bit and power allocation when using multicarrier modulation. This work, however, deals
with unequal error protection within channel coding.

1.1

Communication Systems

Digital communication systems can be summarised by the simplified block diagram
in Fig. 1.1. Note that this is a digital model which assumes the existence of digital
data only. Relations between the analog and the digital entities are included in the
digital models. Further details on digital communications can be found in [Pro01]. A
source produces digital data which are encoded, or compressed, in favour of a compact
description with as little redundancy as possible. Ideally, the source encoded symbols
contain no redundancy at all and are represented by as few data as possible. Practically,
encoders usually do not realise this. After source encoding, data may be encrypted for
the sake of privacy and security. Systems with encryption provide unique keys to users
which are used for communication. The source, the source encoder, and the encryption
can be considered as an equivalent digital source model. In the context of this thesis,
we assume that the equivalent source provides binary data where the occurrences of
zeros and ones are equally probable.
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source

source
encoder

encryption

channel
encoder

modulation

digital source model

sink

source
decoder

decryption

digital sink model

analog
channel
channel
decoder

demodulation
digital channel model

Figure 1.1: Block diagram of a digital communication system

The next step is channel encoding which, together with channel decoding, is the main
focus of this thesis. The channel encoder obtains information words or sequences from
the source and adds redundancy in order to construct codewords or code sequences.
The encoding rule determines how much redundancy is added, i.e., the code rate and
how the codewords are constructed from the information words. The set of all possible
codewords is called the code and its properties determine the correction capability.
The codewords are mapped to signal points of a modulation alphabet in order to
be ready for transmission. Large signal constellations increase the data rates and
bandwidth efficiency but also lead to higher error sensitivities. In order to account
for the properties of higher order signal constellations, coding schemes should be welldesigned depending on the channel and the modulation scheme such that (more or less)
reliable transmission is guaranteed.
During transmission, the symbols are affected by disturbances, which are summarised
in the channel model. The data may experience different kinds of disturbances like
additive and multiplicative noise, attenuation, delay, or multipath propagation. Depending on the kind and the origin, disturbances may occur as single events, in bursts,
or as stationary noise.
At the receiver, the disturbed symbols are demodulated in order to retrieve the estimated codewords. Due to the disturbances, errors may occur in the received data which
means that the estimated codewords may be different from the original ones. The aim of
the channel decoder is to detect and correct errors such that it yields reliable estimates
of the information words. Different strategies may be applied at the decoder which
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have different correction capabilities depending on the kind of errors that occurred on
the channel. The obtained estimates are decrypted and sent to the source decoder in
order to obtain useful information for the sink.
As mentioned before, the main focus of this thesis is channel coding. However, properties of the source as well as of the modulation have to be taken into account, as well.
It is important to be aware of the structure of the source data in order to find suitable
rules of how to treat them. Furthermore, the modulation affects the error probabilities
of distinct bits to different extents and has, thus, also to be taken into consideration.
Based on these conditions, we develop coding schemes that are capable of providing
UEP.

1.2

Channel Models and Properties

Before presenting the basic principles of channel coding, we discuss some channel
models. Generally, a channel is defined by the conditional probability distribution
pY |X (y|x) which gives the probability of a channel output symbol y ∈Aout given the
channel input symbol x∈Ain . Note that random variables are given by capital letters
(X, Y ), whereas their realisations are denoted by lower-case symbols (x, y). The
channel input and output alphabets Ain and Aout can be discrete or continuous and
do not have to be equal or of equal size. In the following, we define a few important
channel models.
Definition 1.1 (Binary Symmetric Channel (BSC))
Let the binary input and output alphabet be Ain = {−a, +a} and Aout = {−b, +b},
respectively. Then, the conditional probability mass function of a BSC is given by
p(Y = +b|X = −a) = p(Y = −b|X = +a) = p ,

(1.1)

p(Y = +b|X = +a) = p(Y = −b|X = −a) = 1 − p .

(1.2)

The graphical model of the BSC is shown in Fig. 1.2.

Definition 1.2 (Binary Erasure Channel (BEC))
Let the input and output alphabet be Ain = {−a, +a} and Aout = {−b, ε, +b},

5
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1−p

+a

+b

p
p
−a

1−p

−b

Figure 1.2: Model of the Binary Symmetric Channel.

1 − pε

+a

+b

pε
ε
pε
−a

1 − pε

−b

Figure 1.3: Model of the Binary Erasure Channel.

respectively. Then, the conditional probability mass function of a BEC is given by
p(Y = +b|X = −a) = p(Y = −b|X = +a) = 0 ,

(1.3)

p(Y = ε |X = +a) = p(Y = ε |X = −a) = pε ,

(1.4)

p(Y = +b|X = +a) = p(Y = −b|X = −a) = 1 − pε .

(1.5)

The graphical model of the BEC is shown in Fig. 1.3.
Definition 1.3 (Additive White Gaussian Noise (AWGN) Channel, Fig. 1.4)
Let the discrete input alphabet be Ain . Furthermore assume that the channel input
values x are superposed by the (continuous) additive, white, Gaussian noise values n.
y =x+n

(1.6)

Thus, the output alphabet is the (continuous) set of real numbers Aout = R and the
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n

x

y

Figure 1.4: Model of the Additive White Gaussian Noise Channel.

conditional probability distribution of an AWGN channel is given by
pY |X (y|x) = p

1
2πσn2

−

·e

(y−x)2
2
2σn

,

(1.7)

where σn2 is the variance of the Gaussian random noise. The graphical model of the
AWGN channel is shown in Fig. 1.4.
All results in this thesis are obtained assuming an AWGN channel. Although various
aspects and theoretical results of channel coding have only been proved for the BEC,
they have also been applied to AWGN channels with satisfying results.
Generally, when dealing with channels, we are interested in the amount of information
about a transmitted symbol which is available in the corresponding received symbol.
Therefore, we define the information content of a discrete symbol Xν to be
1
= − log2 P (Xν )
(1.8)
I(Xν ) = log2
P (Xν )
Especially, we are interested in the average information content, which is called the
entropy.
Definition 1.4 (Entropy of a random variable)
The entropy of a random variable X is defined by its average information content
X
H(X) = −
P (Xν ) · log2 P (Xν ) .
(1.9)
ν

Let us define the joint entropy of two random variables X and Y as
XX
H(X, Y ) = −
P (Xν , Yµ ) · log2 P (Xν , Yµ ) .
ν

Furthermore, let us define the equivocation and the irrelevance as
XX
H(X|Y ) = −
P (Xν , Yµ ) · log2 P (Xν |Yµ ) and
ν

H(Y |X) = −

(1.11)

µ

XX
ν

(1.10)

µ

µ

P (Xν , Yµ ) · log2 P (Yµ |Xν ) .

(1.12)
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Finally, the mutual information of two random variables is given by
I(X; Y ) = H(X) + H(Y ) − H(X, Y ) .

(1.13)

For later purposes, we also define the binary entropy.
Definition 1.5 (Binary entropy function)
We define the entropy of a binary source with input probabilities P (0) = p and
P (1) = 1 − p as the binary entropy function
h(p) = −p log2 (p) − (1 − p) log2 (1 − p) .

(1.14)

Imagine X and Y being the transmitted and the received symbol alphabet. If X is
not fully contained in Y , the equivocation H(X|Y ) represents the ’lost’ information.
In contrast, the irrelevance H(Y |X) represents information that is contained in Y but
not in X, i.e., useless information. Furthermore, the mutual information H(X; Y )
represents the amount of information which is contained in both X and Y , i.e., the
amount of information about the transmitted symbols that is still available at the
receiver.
An important measure of a channel is its channel capacity C, which is the maximum
of the mutual information over all possible distributions P (Xν ) of the channel input
alphabet Ain .
Definition 1.6 (Channel Capacity C)
The channel capacity of a discrete channel with input probabilities P (Xν ) and transition
probabilities P (Yµ |Xν ) is given by
C = sup

XX

P (X) ν

µ

P (Yµ |Xν )
.
l P (Yµ |Xl )P (Xl )

P (Yµ |Xν )P (Xν ) · log2 P

(1.15)

Correspondingly, in the case of a continuous channel with input density pX (x), conditional probability distribution pY |X (y|x), and output alphabet Aout , the channel
capacity is defined by
Z
pY |X (y|x)
C = sup
pY |X (y|x) log 2
dy .
(1.16)
pY (y)
pX (x) Aout
With the above definitions, the channel capacities of the BSC, the BEC, and the AWGN
channel can be derived as:
CBSC = 1 − h(p) ,
(1.17)
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CBEC = 1 − pε ,
and
CAW GN =

1
S
log2 (1 + ) ,
2
N

(1.18)

(1.19)

where S/N = σx2 /σn2 is the signal-to-noise ratio (SNR) of the channel, with σx2 and σn2
being the transmit signal power and the noise variance. For derivations and proofs,
please see [CT06].
In his channel coding theorem, Shannon proved that channel coding can achieve an arbitrarily small number of errors after decoding, given that the code rate is smaller than
or equal to the channel capacity and that the code length goes to infinity. Furthermore,
an arbitrarily small number of errors cannot be achieved if the code rate exceeds the
channel capacity, regardless of the code length. For further details about information
theory, the reader is referred to [CT06]. In the following section, we will briefly present
principles of channel coding.

1.3

Channel Coding Principles

Channel coding in general adds redundancy to information data at the transmitter in
order to be able to detect or even correct errors at the receiver. There are different
strategies of doing so. In the following, we introduce binary block codes, convolutional
codes, and concatenations of codes.

1.3.1

Linear Block Codes

Let an information word be given by the length-K vector u = (u0 . . . uK−1 ). Generally,
the cardinality of the possible information words, or messages, is q K , where q ≥ 2 is the
alphabet size. In this thesis, we only deal with binary codes, i.e., q = 2 and ui ∈{0, 1}.
A binary block code C of length N is defined by a set of length-N codewords x =
(x0 . . . xN −1 ), where N ≥ K and xi ∈{0, 1}. For encoding, the messages are uniquely
assigned to the codewords such that the mapping is bijective and the cardinality of the
code is |C| = q K . The difference in length between the message and the codeword is
the length of the redundancy M = N − K.

9
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Definition 1.7 (Code rate R)
The code rate R of a binary block code C is defined by
R=

K
log2 |C|
M
=
=1−
.
N
N
N

(1.20)

It is bounded by 0 ≤ R ≤ 1 and gives information about the amount of redundancy
relative to the codeword length.
The mapping of the distinct messages to the codewords is determined by the channel
encoder. For block codes, the encoding rule can usually be represented by the multiplication of the messages with a generator matrix G of size [K × N ].
c=u·G

(1.21)

Depending on the structure of the generator matrix, the encoder may be systematic or
non-systematic. K columns of a systematic generator matrix form an identity matrix
such that the message bits are verbatim preserved within the codeword, although
possibly permuted. A linear block code can also be described by its parity-check matrix
H of size [N − K × N ] which is defined by
G · HT = 0 .

(1.22)

The parity-check matrix is usually used for decoding but may be used for encoding, as
well. It is very important, since it especially provides information about code properties
and the decoding behaviour. The simplest form of decoding a linear block code is
syndrome decoding. From (1.21), it follows that
c · HT = 0 .

(1.23)

Let us assume that a codeword c is corrupted by the channel and is available at the
receiver as ĉ = c + e, where e denotes the error vector. Therewith,
ĉ · HT

= c
HT} + e · HT = e · HT ,
| ·{z

(1.24)

=0

which is called the syndrome. An error will be detected if ĉ · HT = e · HT 6= 0.
Thus, any error vector which is nonzero and which is not a codeword itself will be
detected. Different strategies may assign a syndrome to a valid codeword. We are
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especially interested in iterative decoding procedures which is a less complex alternative
to syndrome decoding for long codes. Iterative belief propagation decoding will be
described later in this thesis.
One of the most important properties of a linear code is the minimum Hamming
distance. Before its definition, we introduce the Hamming weight wH and the Hamming
distance dH .
Definition 1.8 (Hamming weight wH of a codeword)
The Hamming weight wH of a codeword is the number of nonzero bits in it.
wH (c) = ||c||0 = |supp(c)|

(1.25)

Definition 1.9 (Hamming distance dH of two codewords c and c′ )
The Hamming distance between two binary codewords c and c′ is the number of bits
by which they differ,
′

dH (c, c ) =

N
−1
X
i=0

(ci + c′i ) mod 2 = ||(c + c′ ) mod 2||0 = supp((c + c′ ) mod 2) . (1.26)

Definition 1.10 (Minimum Hamming distance dmin )
The minimum Hamming distance dmin of a binary linear block code is equal to the
smallest number of bits by which any two codewords differ.
dmin = min′ dH (c, c′ )
c,c
c6=c′

(1.27)

The minimum Hamming distance dmin determines the asymptotic performance of a
code and gives a bound on how many erroneous bits in a codeword can certainly be
detected (Bounded Minimum Distance decoding) and corrected. Let td and tc be the
maximum number of detectable and correctable errors in a codeword, respectively.
Then


dmin − 1
td ≥ dmin − 1 and tc ≥
.
(1.28)
2
Clearly, the number of correctable errors increases with growing dmin . Thus, one
important aim in code design is the maximisation of the minimum distance dmin which
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dominates the asymptotic behaviour. A very useful performance estimation is given by
the union bound, which provides an upper bound on the error probability of a certain
decoded codeword.
Definition 1.11 (Union bound on the error probability of a codeword)
For an AWGN channel and antipodal transmission, the probability that a codeword is
decoded to a wrong codeword can be lower-bounded by
!
r
n
Es
1 X
d
Pe (c) ≤
Ad erfc
,
(1.29)
2
N0
d=dmin

where Ad represents the number of codewords c′ at a Hamming distance
dH (c, c′ ) = d. It also represents the weight distribution of a linear code. Es /N0 denotes
the signal-to-noise ratio with respect to the symbol energy Es , where N0 /2 is the twosided power spectral density of the random noise. The complementary error function
is defined by
Z
2 ∞ −t2
e dt .
(1.30)
erfc(x) =
π x
The union bound is the sum over all possbile error events. Since the erfc-function is
strictly decreasing, it is clear that for large signal-to-noise ratios, the first terms of the
sum dominate the value. Especially the minimum distance dmin , which defines the very
first term, is an important parameter when estimating the asymptotic performance. An
approximate upper bound can be given by
!
r
1
Es
Pe (c) ≤ admin erfc
(1.31)
dmin
2
N0
where admin is the multiplicity of codewords at the minimum Hamming weight.

1.3.2

Convolutional Codes

Besides block codes, convolutional codes are another important type of codes. The
encoder consists of a shift register and has, therefore, memory elements. The number
of memory elements is denoted by Nmem and the constraint length is defined by
Lc = Nmem + 1. The content of the memory elements is denoted as the state of
the encoder. The most commonly used convolutional encoders are non-recursive nonsystematic convolutional (NSC) encoders and recursive systematic convolutional (RSC)
encoders. As the name suggests, the basic operation is a convolution, and the input
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Figure 1.5: Trellis diagram of a rate-1/2 NSC code with generator matrix
G(D) = (1 + D, 1 + D + D2 )

and output are given as (infinite) sequences. The generator and the input and output
sequences are usually given by polynomials in D, where D represents a delay operator,
corresponding to z −1 of the Z-transform. The encoding rule of a convolutional code is
therewith given by
u(D) = . . . ui−1 D −1 + ui D 0 + ui+1 D 1 . . . ,
c(D) = . . . ci−1 D

−1

0

1

+ ci D + ci+1 D . . . ,

c(D) = u(D) · G(D) .

(1.32)
(1.33)
(1.34)

Every recursive systematic encoder can be transformed into a non-recursive non-systematic encoder representing the same code. The generator matrix G(D) of an NSC
is a [K × N ] matrix with polynomial entries. For RSCs, the matrix usually contains
fractions of polynomials. For a more detailed derivation, the reader is referred to [JZ99].
The input/output relations and state transitions may be illustrated by a Trellis diagram
which shows possible state transitions on a temporal axis. Figure 1.3.2 shows a Trellis
diagram of an NSC code with generator matrix G(D) = (1 + D, 1 + D + D 2 ). The
bold dots denote the encoder states along the horizontal temporal axis. The labels at
the state transitions represent the corresponding input and output bits. The Trellis
diagram reaches all steps after Nmem steps.
Decoding algorithms of convolutional codes are usually based on the Trellis diagram.
Well-known decoding algorithms are the BCJR algorithm by Bahl, Cocke, Jelinek, and
Raviv [BCJR74] and its approximations or the Viterbi algorithm [Vit67]. The BCJR
algorithm and its variants are symbol-based maximum a-posteriori (MAP) decoders
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which are based on the following computation.
P (a)
ĉ = arg max P (a|y) = arg max P (y|a) ·
P
(y)
∈
∈
a C
a C
= arg max P (y|a) · P (a) ,
a∈C

(1.35)

whereas the Viterbi algorithm is a maximum-likelihood (ML) sequence estimator which
assumes equally likely channel input symbols. Therefore,
P (a) = P (a′ ) ∀ a, a′ ∈C,
and the optimisation target is
ĉ = arg max P (y|a) .
a∈C

(1.36)

By including P (a), however, also the Viterbi algorithm can be made a MAP sequence
estimator. There are several other decoding methods, e.g., list decoding or sequential
decoding [JZ99]. We will not address these algorithms and refer to the given literature.
Like block codes, there exists an important distance measure also for convolutional
codes. The free distance df ree of a convolutional code is the minimum number of bits
in which any two paths in the Trellis differ.

1.3.3

Concatenation

Concatenated codes consist of several codes which are combined in a serial or parallel
fashion. In a serial concatenation, the codewords of the outer code are encoded by
the inner code, whose codewords are transmitted over the channel. In a parallel
concatenation, all encoders encode the same information word, and the codewords
are multiplexed for transmission.

1.3.3.1

Parallel Concatenation

The most popular concatenated encoders consist of two encoders, although this is not
a necessary condition. The well-known Turbo codes [BGT93a] typically consist of two
parallel convolutional encoders separated by an interleaver. The interleaver π permutes
the information sequence of the first encoder u1 for the second encoder in order to avoid
statistical dependencies between the disturbances on two received sequences. Figures
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u1

RSC
encoder

c1

MUX

c

π
RSC
encoder

u2

c2

Figure 1.6: Block diagram of a Turbo encoder.

Le,2

La,1

Lch

π −1

MAP

Le,1

π

La,2

MAP

Figure 1.7: Block diagram of an iterative Turbo decoder.

1.6 and 1.7 show the encoder and the decoder of a Turbo code. Usually, RSC codes are
employed such that the systematic bits are only transmitted once.
For soft decoding, it is useful to define the log-likelihood ratio (LLR) L(x) which is a
measure of the reliability of the received information. The sign of the LLR gives value
of the estimated symbol, whereas its absolute value is a measure of the reliability with
which the symbol is estimated.
Definition 1.12 (Log-likelihood ratio (LLR) L(x))
The log-likelihood ratio of a received value y is given by
L(x) = ln

p(y|x = +1)
p(x = +1|y)
p(x = +1)
= ln
+ ln
,
p(x = −1|y)
p(y|x = −1)
p(x = −1)
|
{z
} |
{z
}
L(y|x) = Lch

La (x)

(1.37)
(1.38)

where ln denotes the natural logarithm. The first part of the sum, Lch , is called intrinsic
information, or intrinsic L-values. It contains information from the channel. For the
AWGN, it can be shown that
Lch = 4 ·

2
Es
·y = 2 ·y .
N0
σ

(1.39)
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The second part, La (x), is the a-priori information which solely depends on the channel
input distribution. Based on Lch and La (x), the decoder computes estimates on the
transmitted sequences, i.e., the a-posteriori information Lapp (x).
The decoding process of a Turbo code is performed in an alternating fashion, where
the two component decoders iterate and exchange information. The information which
is exchanged between the decoders is called extrinsic information. It is computed by
subtracting a-priori information and intrinsic channel output values from the computed
a-posteriori information. The extrinsic information of a decoder is interleaved or
deinterleaved and passed on to the other decoder as a-priori information.
Le,1/2 = Lapp,1/2 − La,1/2 − Lch

(1.40)

La,2 = π(Le,1 ) and
La,1 = π

−1

(1.41)

(Le,2 )

(1.42)

In a parallel concatenation, the information passed between the two decoders corresponds to the non-interleaved and interleaved information sequences u1 and u2 . The
final decision of such a parallel decoder is based on the a-posteriori estimate of the last
decoder activation.

1.3.3.2

Serial Concatenation

As mentioned before, a serial concatenation consists of two or more codes, where a code
encodes the interleaved codeword of the previous code. Figures 1.8 and 1.9 show the
block diagrams of the encoder and the decoder of such a concatenation.
u1

outer
encoder

c1

π

u2

inner
encoder

c2 = c

Figure 1.8: Block diagram of a serial encoder.

The decoding process of the serial concatenation is similar to that of the parallel
concatenation. The difference is that only the inner decoder obtains intrinsic channel
information. Furthermore, the inner decoder estimates its corresponding information
sequence and passes its extrinsic information on to the outer decoder as a-priori information about its code sequence. The outer decoder in turn estimates its code sequence
and forwards its extrinsic part to the inner decoder as a-priori information about its
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uncoded sequence. In order to avoid statistical dependencies, the a-priori information
is subtracted from the a-posteriori information in both cases.
La,1

Lch

π −1
Le,1

MAP

Le,2

π

La,2

MAP

Figure 1.9: Block diagram of an iterative decoder of a serial concatenation.

Let Lua,i and Lca,i denote the a-priori information of a decoder corresponding to its
information sequence and to its code sequence, respectively, and let this notation be
valid for the extrinsic and the a-posteriori information, as well. Therewith, the update
operations of a serial decoding process are
2
2
2
Lue,2
= Luapp,2
− Lua,2

(1.43)

1
2
Lca,1
= π(Lue,2
)

(1.44)

1
1
1
Lce,1
= Lcapp,1
− Lca,1

(1.45)

for the inner decoder and

2
Lua,2

=

1
π(Lce,1
)

(1.46)

for the outer decoder. The final decision of a serial decoder is based on the final
a-posteriori estimate of the outer decoder.
1
ĉ = sign(Luapp,1
)

1.3.3.3

(1.47)

EXIT Charts

A very useful tool for the analysis of iterative decoding schemes is the extrinsic information transfer chart, known as EXIT chart. The EXIT chart plots the mutual information based on the extrinsic values versus the a-priori mutual information of a decoder.
It was first developed by Stephan ten Brink in 2001 [tB01a]. The starting point for
the derivation of the EXIT chart is the observation that the a-priori input La of one
of the decoders can be modelled by an independent Gaussian random variable na with
variance σa and zero mean together with the transmitted systematic bits xs .
La =

σa2
xs + na
2

(1.48)
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The conditional probability density function of the L-values La is
2

(L −(σa /2)xs )
1
− a
2
2σa
pa (La |X = xs ) = √
e
2πσa

2

This leads to the mutual information Ia = I(X; L).
X Z +∞
1
2 · pa (ξ|X = xs )
Ia = ·
dξ
pa (ξ|X = xs ) · log2
2 x =−1,1 −∞
pa (ξ|X = −1) + pa (ξ|X = +1)

(1.49)

(1.50)

s

With (1.49), (1.50) becomes
+∞
Z
Ia (σa ) = J(σa ) = 1 −
pa (ξ|X = xs ) · log2 (1 + e−ξ ) dξ
def

(1.51)

−∞



−La

= 1 − E log2 (1 + e

N
1 X
) ≈1−
log2 (1 + e−xs,i ·La,i ) .
N

(1.52)

i=1

The mutual information for the extrinsic output Le can be formulated in the same way,
i.e.,
N

1 X
log2 (1 + e−xs,i ·Le,i ) .
Ie (σa ) = 1 − E log2 (1 + e−Le ) ≈ 1 −
N

(1.53)

i=1

It should be noted that the mutual information is always bounded by 0 ≤ I ≤ 1.
The EXIT chart plots the transfer function between the a-priori information and the
extrinsic information of a component decoder.
I(Le,1/2 ; X) = T (I(La,1/2 ; X))

(1.54)

When using EXIT charts for iteratively decoded concatenated codes, the transfer
curves for both decoders are plotted into one single transfer chart. Since the extrinsic
information of one decoder becomes the a-priori information of the other, the transfer
curve of the second decoder is flipped, thereby representing the inverse transfer function.
I(La,2/1 ; X) = T −1 (I(Le,2/1 ; X))

(1.55)

This is possible because the original transfer function is monotonically increasing and
therefore, its inverse exists. One can additionally add the trajectories between the
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Figure 1.10: Example of an EXIT chart

two transfer functions which represent the information transferred between the two
decoders. Figure 1.10 shows a typical EXIT chart of an iterative Turbo decoding
process with two identical encoders.
Firstly, the EXIT chart shows if the decoding process converges successfully. If the
tunnel between the transfer curves is open, the trajectories reach the point (1,1) which
means full knowledge about the transmitted information at the receiver. In case the
transfer curves intersect, the trajectories ’get stuck’ and successful decoding is not
possible. The signal-to-noise ratio where the tunnel opens is often called the threshold
of the code. Secondly, one can read the number of necessary decoding iterations from
the EXIT chart.
The quality of the decoding results depends on the signal-to-noise ratio. For lower
signal-to-noise ratios, the two curves intersect and do not permit error-free transmission.
With increasing signal-to-noise ratios, the two curves widen and let the intersection
point move towards the point (1, 1). For even larger signal-to-noise ratios, the already

1. INTRODUCTION

19

open curves further widen which leads to faster convergence.
Hence, the segments of bit-error rate curves are related to the properties of an EXIT
chart. These can be divided into three parts. The first one, the pinch-off region, is
where the bit-error rate hardly decreases with increasing signal-to-noise ratio. The
second part is called the waterfall region and describes the region, where the bit error
rate dramatically decreases. The third region represents the ”error floor” of the biterror rate.
These three regions can also be determined by the EXIT chart. The first region
represents those cases, where the transfer curves intersect below the point (1, 1). The
waterfall region describes the case, when the transfer curves open and allow the decoding to converge, and the error floor represents the case, when the transfer curves
further widen. However, not much can be deduced for this error floor region.
Evaluating the EXIT chart in addition to the union bound provides a rough estimate
for the bit-error rate curve, since the EXIT chart provides information about the
waterfall region, whereas the union bound approximates the asymptotic behaviour for
high signal-to-noise ratios and low bit-error rates.
Consider the independent random variable na as the noise of an independent channel.
In the case of this independent channel being a binary erasure channel, it has been
proved for serial concatenations in [AKtB04] that the area under the first (upper)
EXIT curve represents the capacity, whereas area under the second (lower) represents
the code rate. In order to reach capacity, the area between the two curves has to be
minimised without an intersection of the curves.
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1.4. THESIS OUTLINE

Thesis Outline

This thesis is basically divided into four parts. Chapter 2 deals with the well-known
convolutional codes and with Turbo codes. We construct UEP-capable codes by varying
the code rate in a flexible way. The presented alternative to puncturing is timevariant pruning. After presenting the originally proposed technique, we improve it by
increasing the flexibility and the ability to control essential properties. We investigate
pruned codes in terms of flexibility, error-rate performance, and distance measures.
Furthermore, we discuss the optimisation of the so-called pruning patterns in order to
obtain free distances as large as possible. In Appendix A, we list several convolutional
and Turbo code families based on convolutional mother codes of different constraint
lengths.
In Appendix B, we discuss an additional result of pruned convolutional codes. Pruned
convolutional codes can be described as the serial concatenation of a pruning code and a
mother code. If these are employed in Turbo codes, the overall code is a mixed parallel
and serial concatenation, called hybrid concatenation in the following. Especially the
decoding of hybrid Turbo codes offers challenging problems. In this work, we discuss the
decoder scheduling, i.e., the order in which the component decoders are activated. We
provide a detailed description of the decoder and the messages which are exchanged.
Furthermore, we present multiple EXIT charts which are useful for optimising the
scheduling in terms of convergence speed.
In Chapter 3, UEP multilevel codes are presented. Multilevel codes jointly address
coding and modulation. The information-theoretic design rules are independent of
the choice of channel codes, i.e., one may apply block codes, convolutional codes, or
concatenated codes. Multilevel codes are very convenient for designing and controlling
UEP properties. We introduce the analysis of the mutual information within multilevel
codes and discuss the fundamental concept towards a UEP-capable scheme. We present
several examples to illustrate the approach and to show the results of the proposed
design. We provide an option to improve the perceptual quality of multimedia data by
omitting the least important bits in favour of the most important data, maintaining
good quality while preserving the code rate.
Chapters 4 and 5 deal with the design and the properties of low-density parity-check
(LDPC) codes for unequal error protection. Chapter 4 presents fundamentals of LDPC
codes. Afterwards, a design algorithm is developed which optimises the degree distri-
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bution of a UEP-LDPC code especially for higher order constellations. In the context
of multimedia data, transmission systems have to face increasing amounts of data to be
transmitted. Therefore, it is important that communication schemes handle resources
like power or bandwidth efficiently. Applying higher order signal constellations is a
natural way of dealing with this. Since the bit positions in a symbol are affected
differently by channel noise, it is important to take the equivalent channel model into
consideration when optimising the degree distribution. We present examples with
8-PSK and 64-QAM modulation which show satisfying results in terms of bit-error
rates.
Chapter 5 also deals with UEP-LDPC codes. Assuming given (optimised) degree
distributions, it analyses different algorithms for constructing parity-check matrices.
We briefly introduce several existing algorithms and investigate their behaviour in
terms of UEP capabilities. We point out the differences and discuss relevant properties
of the parity-check matrix. We define a detailed check node degree distribution and
specify the corresponding detailed mutual information evolution which confirms the
simulation results. In order to verify the correctness of our statements, we modify
an existing algorithm which traditionally does not yield UEP-capable codes. Thereby,
we obtain an algorithm which produces highly UEP-capable codes, outperforming the
existing UEP-capable construction algorithms.
Chapter 6 summarises the results of this thesis and gives an outlook to open topics.
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Chapter 2

Time-Variant Rate-Compatible
Pruned Convolutional Codes
This chapter presents an approach for unequal error protection convolutional and Turbo
codes, called pruning, which is a flexible alternative to the well-known puncturing. Both
approaches yield variable-rate codes by changing the number of information bits or
codebits. Puncturing was introduced by Cain, Clark, and Geist in 1979 [CCG79] and
has been investigated a lot. The so-called rate-compatible punctured convolutional
(RCPC) codes, presented by J. Hagenauer in 1988 [Hag88], are especially useful for
unequal error protection together with automatic repeat request (ARQ). We will present
a similar approach which is based on varying the number of encoder input bits.
After explaining the technical details, we present some simulation results to confirm
the theoretical basis. Furthermore, we will discuss distance properties of the approach
and propose optimisation strategies. We give a comparison of pruning and puncturing
and present lists of good pruning patterns in the appendix.

2.1

General Description

In this section, we describe the original pruning method for achieving unequal error
protection with convolutional codes which can later be applied to Turbo codes. A
straightforward approach for varying the performance of a convolutional code is puncturing, i.e., excluding a certain amount of code bits from transmission and, thereby,
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increasing the code rate R = K/N , where K and N are the numbers of information
bits and code bits per code segment. Another method called pruning was presented in
[WC02] and [HvD06] for convolutional codes and Turbo codes, respectively. Pruning
is based on modifying the number of input bits to the encoder K, i.e., the numerator
of the code rate instead of the denominator. The aim of pruning is to find a code
family consisting of codes with code rates Ri = Ki /N . In order to keep the decoding
complexity low, it is desired that the individual codes should have certain properties
such that decoding can be performed by similar decoders. This requirement leads
to the construction of several subcodes from a given mother code. The subcodes of
rates Rs,i = Ks,i /N , 1 ≤ ks,i < Km , are constructed by multiplying the polynomial
generator matrix of the mother code of rate Rm = km /n, denoted by Gm (D), by
another polynomial generator matrix Gp (D) called pruning matrix.
Gs (D) = Gp (D) · Gm (D)

(2.1)

Choosing different pruning matrices and especially varying the dimensions, leads to
different subcodes Gs,i (D) of the mother code. The dimensions of the pruning matrix
are defined as [Kp × Km ] in order to guarantee proper matrix multiplication, leading
to a subcode generator matrix of dimensions [Kp × N ]. Thus, varying the number
of rows of the pruning matrix varies the code rate of the subcode. Obviously, for a
mother code of rate Rm = Km /N , one can construct subcodes with Km − 1 different
code rates 1/N, . . . , (Km − 1)/N . Given that the number of memory elements of the
sub-encoder ms is equal to (or smaller than) the number of memory elements in the
mother encoder, the influence of building a subcode from a mother code can directly be
depicted in the Trellis diagram of the convolutional codes. Figure 2.1 shows a Trellis
section of a mother code (left) and a subcode (right) given by the following generator
matrices.
Gs (D) = Gp (D) · Gm (D)
= (1 D) ·
=



1
1+D 1+D
1+D
D
1+D

(2.2)
!

1 + D + D2 1 + D + D2 1 + D2



The labels to the left of the states denote the input and output of the transitions leaving
the states.
When comparing the two Trellis sections, one can see that the set of paths in the
right Trellis is a subset of the set of paths in the mother Trellis. This means that one
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Figure 2.1: Trellis sections of mother code (left) and subcode (right)

does not have to store a separate decoder for all codes of a family but the decoder
structure basically stays the same. When switching between different decoders, only
the transition probabilities between the states have to be adapted. With this procedure,
we are able to construct a code family consisting of codes with Km different code rates.
Since the multiplication of polynomial generator matrices corresponds to a serial concatenation of codes, a Turbo code which employs pruned convolutional codes may be
represented as a hybrid Turbo code with a serial concatenation in each parallel branch.
As a side result of this thesis, Appendix B contains an analysis of hybridly concatenated
codes and their decoder scheduling. Time-invariant pruning can be represented as the
concatenation of a pruning code and the mother code. Using pruned codes for Turbo
codes leads to a hybrid concatenation. The decoding success depends on the scheduling
of the constituent decoders. We show an analysis of the decoding process and propose
an optimisation strategy for successful decoding with a minimum number of necessary
iterations.
In the following, we improve the above concept of pruning for convolutional and Turbo
codes. A drawback of pruning is the low number of available code rates in a code family,
especially for small mother codes, i.e., mother codes with small Km . Particularly, the
number of available code rates is dependent on the dimensionality of the mother code.
For example, a mother code of rate Rm = 2/3 only allows for one subcode rate, namely
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Rs = 1/3. For applications like multimedia, where unequal error protection is desired,
usually more levels of protection are required. This calls for an approach, where the
number of available code rates is independent of the code itself.
This leads to the concept of time-variant pruning. The corresponding measure in the
field of puncturing is employing puncturing matrices defining a pattern of successive
puncturing rules. The same can be done for pruning, such that for each time instant,
a subcode is chosen according to some pattern and the overall code rate is flexible and
controllable. Let us define the pruning period Lp to be the length of such a pattern
which is repeatedly applied. Let the code applied at time instant l be denoted by
Gl (D)∈{Gm (D), Gs,i (D)}, 1 ≤ i ≤ Km − 1, 0 ≤ l ≤ Lp − 1 and Kl be the number
of encoder input bits corresponding to Gl (D). The overall code rate of the scheme is
then defined by
Lp −1
X
1
R=
Kl ,
(2.3)
Lp · N
l=0

which is bounded by 1/N ≤ R ≤ Km /n. Naturally, the resolution of possible code
rates within the interval grows with increasing Lp .
Imagine a rate R = 2/3 mother code. A very easy case of such an above proposed
pruning matrix can be defined by choosing one component of the pruning matrix to be
0 and the other one to 1:
!)
!
(
1
0
.
(2.4)
,
Gp (D) =
0
1
This would select only one of the inputs as active and the other one as inactive in order
to construct a subcode. Switching between the mother code and the subcode then
means switching between code rates R = 2/3 and R = 1/3. This procedure can also be
described as simply ’switching off’ one of the inputs of the mother encoder according to
the pruning pattern. Switching off one input is equivalent to feeding the corresponding
input with zeros. Consequently, one does not even have to switch between the two
encoders but only has to feed the mother encoder with zeros where the pruning pattern
specifies to use the subcode. The effective code rate can be given as
R=

L p · K − N0
,
Lp · N

(2.5)

where N0 denotes the number of digits fixed to 0. Thereby, we have found a very
simple way to adapt the overall code rate of the scheme by just fixing some encoder
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input digits. This can also be represented as partitioning a code, see [BDSB96]. The
pruning approach is not restricted to convolutional codes. As an extension to this work,
pruning has lead to the design of check-irregular UEP-LDPC codes [Sas05].
At the receiver, the pruning pattern is known such that the reliability of the fixed zeros
can be set to infinity (or equivalently, the probability of a 0 can be set to 1) and may
help decoding the other bits reliably.
However, one possible problem of the above proposed scheme might arise, when the
number of fixed zeros is not negligible compared to the overall number of uncoded data.
Especially for Turbo codes, the information bits are assumed to be equally distributed
since the Turbo decoder suffers from statistical dependencies otherwise. If many zeros
are fixed in the uncoded sequence, the probabilities of occurrence of a 0 and a 1 are
not equal any more.
A possible solution for this problem is to not only insert zeros at the specified positions
but also ones. This can be done in a predefined manner such that the receiver knows
where zeros and ones are fixed. A very straightforward manner would be to choose the
fixed digits to be 0 and 1 in an alternating fashion. This would directly preserve the
equal distribution of zeros and ones.
In the following, we will give a small example in order to illustrate the proposed schemes.
We will show both the insertion of fixed zeros only and of fixed zeros and ones. Assume
an application that requires a code rate of R = 0.4 and the available codes are a mother
code of rate Rm = 2/3 and a subcode of rate Rs = 1/3. A possible pruning pattern
would specify the following succession of employed codes leading to the desired code
rate: Gm (D) Gs (D) Gs (D) Gs (D) Gs (D). This sequence would encode 6 input bits
and output 15 code bits, thus R = 0.4. When employing the mother code only and
fixing the specified digits to zeros, the corresponding input sequence would be
u=

u1 0 0 0 0
u2 u3 u4 u5 u6

!

.

(2.6)

When inserting not only zeros but zeros and ones in an alternating fashion, a possible
encoder input sequence is given by
u=

u1 0 1 0 1
u2 u3 u4 u5 u6

!

.

(2.7)
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These small examples show how a code rate other than that of the mother code or one
of the subcodes can easily be achieved by the proposed method.
When performing a computer search for a suitable pruning scheme, it is usually not
sufficient to study pruning patterns alone. Additionally, it has to be ensured that
at interval boundaries, the states at joint Trellis segments are the same as already
required in rate-compatible punctured convolutional codes [Hag88]. With the improved
approach shown above, this problem does automatically not arise any more since
the decoder is operating on one and the same Trellis, namely the mother Trellis,
only varying certain a-priori probabilities. Thus, Trellis structures do not change at
transitions between different protection intervals at all.

2.2

Simulation Results

In this section, we show some simulation results of the above approach. We show the
bit-error rate curves as a function of the SNR, given as Es /N0 in dB. In contrast to
Eb /N0 , this takes into account the code rate and allows for a fair comparison when
dealing with codes of different code rates.
In Fig. 2.2, performance curves are shown for a non-recursive, non-systematic convolutional (NSC) mother encoder of rate Rm = 2/3 and punctured as well as pruned
subcodes of rates Rs,i = {0.33 , 0.5 , 0.75 , 0.8}. Figure 2.2 shows performance curves
of Turbo codes employing recursive, systematic convolutional (RSC) encoders. The
mother code rate is Rm = 0.5 and other code rates were obtained by puncturing
(Rs,i = {0.6 , 0.7}) and pruning (Rs,i = {0.25 , 0.38}). For the Turbo code, we used
equal convolutional codes as component codes in the encoder. More flexibility and
probably faster decoding convergence is possible with different component codes.

2.3

Linearity and Distance Properties

Regarding the free distance of a pruned subcode, one can generally say that it will
always be greater than or equal to the free distance of the mother code. As stated
above, both codes can be illustrated by the same Trellis. Fixing certain probabilities
of a zero to be infinity means pruning those paths corresponding to a one at the input.
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Figure 2.2: Set of bit-error-rate curves of pruned and punctured NSC codes.

Either, if a segment of the minimum-weight path is pruned, the free distance of the
code is increased, or if it is not pruned, the free distance stays the same.
Note that the fixed positions of a pruned codeword do not necessarily have to be zeros.
Fixing the values to one generally has the same effect in that it builds a subcode.
However, analysing the distance properties is easier with fixed zeros due to the following
reason. Fixing certain encoder input positions in an information sequence to zero will
build a subset of all possible code sequences by only allowing a subset of all possible state
transitions in the Trellis. Since we are considering systematic encoders, the subscode
will be linear and it will in any case contain the all-zero codeword. This means that the
evaluation of the distance spectrum can be done by analysis of the weight spectrum.
However, if a bit is fixed to a one, the subcode does not contain the all-zero sequence
and is, thus, not linear. Therefore, the distance spectrum of this subset cannot be
easily determined by the weight spectrum. However, the effect of fixed ones is still
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Figure 2.3: Set of bit-error rate curves of pruned and punctured Turbo codes
built from RSC codes.

comparable to fixed zeros concerning the distance spectrum. Only the analysis is not
as easy. For this reason, we stick to fixed zeros in the following. Generally, the subcode
constructed by fixing bits to one is a coset of the subcode which is built by fixing zeros.

2.4

Optimisation of the Pruning Pattern

As mentioned before, the free distance of a pruned code is always greater than or
equal to the free distance of its mother code. Clearly, the aim should be to prune the
minimum-weight path from the Trellis such that the free distance is determined by
the next-higher weight path. A path is pruned from the Trellis if there is a fixed zero
where the path input would originally be a one. Therefore, the fixed positions may
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also be denoted by constraints in the Trellis. In order to delete a minimum weightpath, it has to contain at least one constraint. In order to prune any minimum-weight
path, regardless of its position in the Trellis, the distance between two constraints must
at least be equal to the length of the minimum-weight path. Thereby, the minimumweight path would always involve (at least) one constraint. Assume only one constraint
is involved in the minimum-weight path. The path is pruned if the respective input
bit of the Trellis segment is not equal to the constraint. Otherwise the path is not
affected. Assuming fixed zeros as constraints, the probability of deleting the path is
P (ui 6= 0), which is usually 0.5 for binary transmission. Imposing more constraints
on the minimum-weight path makes its deletion more probable. For example, let the
path involve constraints at positions j1 and j2 . The path is pruned as soon as one
of the constraints is not fulfilled by the path. Thus, any additional constraint on the
minimum-weight path increases the probability of pruning the path.
The optimum would be if any cyclic permutation of the pruning pattern eliminates the
minimum-weight path from the Trellis. We will show some examples in the following.

0
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1
0
1

0

1

0

1
0

(a) Pruning pattern does not erase minimum-weight path.

0

0

1
0
1

0

1

0

1
0

(b) Pruning pattern erases minimum-weight path.

Figure 2.4: Illustration of a pruning pattern which does not erase the minimumweight path in any case.

32

2.5. PUNCTURING VERSUS PRUNING

Figure 2.4 shows an arbitrary non-zero Trellis path of length 8 representing the minimumweight path of a code. The labels next to the state transitions represent the corresponding input bits. The pruning pattern is indicated by the boxes above the path, where a
zero means a fixed zero in the input sequence and a dot means any bit from the original
input sequence. In this case, the pruning pattern fixes one bit out of eight bits, such
that there is only one constrained transition in the whole path at any time. A single
constraint cannot guarantee the elimination of a path, its probability is given above as
P (ui = 0).
When increasing the number of constrained transitions in the path, the probability
of an elimination grows, of course. Knowing the input sequence corresponding to the
minimum-weight path, one can optimise the pruning pattern such that it guarantees
the erasure of the path (with as few constraints as possible).
Figure 2.4 shows a pruning pattern with two constraints out of seven bits which guarantees the elimination of the minimum-weight path. Shown are some cyclic permutations
of the pruning pattern. It is easy to see that this pruning pattern will erase the path in
any case, regardless of the cyclic permutation offset. Therewith, the minimum-weight
path is eliminated and the next-higher weight path which is not erased by the pruning
pattern defines the free distance of the code.

2.5

Puncturing versus Pruning

This section contains a comparison of punctured and pruned convolutional and Turbo
codes. Puncturing is a well-known technique which is widely used. Its advantage
is clearly its flexibility. When it is used with automatic repeat request (ARQ), it
allows for minimum data traffic. If a punctured codeword has been received but was
not able to be decoded successfully, the receiver may request further code symbols.
Instead of sending a completely new codeword, the transmitter only sends additional,
previously punctured bits until the codeword can be decoded successfully. Another
point is that, with puncturing, high rate codes with low decoding complexity can easily
be constructed.
Nevertheless, pruning also has advantages, especially if there is no feedback channel
available from the receiver to the transmitter and the advantages of ARQ cannot be
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(b) Pruning pattern erases minimum-weight path by its first segment.

0

0

0

0

1
0
1

0

1

0

1
0

(c) Pruning pattern erases minimum-weight path by its first and second segment.
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(d) Pruning pattern erases minimum-weight path by its second segment.

Figure 2.5: Illustration of a pruning pattern which erases the minimum-weight path
in any case.
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used with puncturing. Regarding the free distance, it is easy to see that it is diminished
by puncturing. On the contrary, the free distance may be increased, or even specifically
controlled by pruning. This is especially interesting for higher signal-to-noise ratios,
and for the error floor of Turbo codes. See Fig. 2.2 for example. One can see that
the slope of the punctured codes is not as steep as of the mother code and the pruned
codes.
Furthermore, the exact knowledge of certain bits may help decoding other bits during
iterative decoding processes of Turbo codes, since they serve as extrinsic information to
more unreliable bits. This effect is important for the waterfall region of the performance
curve of a Turbo code. A related technique called doping was introduced by S. ten Brink
[tB00].

2.6

List of Good Codes

We ran an exhaustive computer search in order to find mother codes together with
different pruning patterns which behave well in iterative decoding. We used EXIT
charts [tB01a] for evaluation of the convergence behaviour. One assessment criterion
was amongst others the convergence threshold, which is the lowest SNR where errorfree decoding is theoretically possible, i.e., where the tunnel between the EXIT curves
opens and the mutual information between the decoded and the transmitted sequence
is one (or very near to one). Furthermore, we report the area between the EXIT curves,
since it is a measure of how close the waterfall region is to the Shannon limit and how
steep it is [AKtB04]. Although this has only been proved for the binary symmetric
channel, it has been observed for the AWGN channel as well. We also determined the
approximate distance δ of the convergence point from the Shannon limit in dB. The
minimum distance of the mother convolutional codes and their pruned subcodes was
determined by evaluating low-weight input sequences.
Tables with good codes can be found in Tables A.1-A.3 in Appendix A. The tables
show three convolutional mother codes with constraint lengths Lc = 3, Lc = 4, and
Lc = 5 which showed reasonably early convergence. The convolutional mother code
rate is RCC = 1/2 in all cases, such that the Turbo code rate is RT C = 1/3. The
pruning pattern search was performed for pruning periods up to Lp = 6.
The code tables show that the higher the degree of pruning (and the lower the code
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rate), the larger is the minimum distance. This is natural, since with a large number
of constraints, it is more likely that the minimum distance path is erased.
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Chapter 3

Multilevel Codes and
Hierarchical Signal Constellations
Coded modulation is a well-known technique which jointly optimises the coding scheme
and the modulation scheme [Ung82, IH77, Ung87a, Ung87b]. The signal constellation
is successively subdivided into smaller subsets, where each partitioning level is assigned a label. These labels are protected by separate channel codes with appropriate
protection capabilities. The codes have to be designed carefully depending on the
modulation scheme and its partitioning or labelling strategy. According to [WFH99],
the optimal way of designing the codes (in terms of mutual information) is to match the
code rates to the channel capacities of the partitioning steps, assuming perfect codes.
This means that, for a given signal-to-noise ratio and given modulation scheme and
partitioning, the optimal code rates are well defined. However, there are also other
design approaches with similar results, like bit-interleaved coded modulation [CTB98]
or low-density parity-check codes optimised for a certain modulation scheme [SSN04].
The corresponding channel codes in a multilevel coding scheme can be block codes,
convolutional codes, or concatenated codes.
Previous work on unequal error protection multilevel codes has been published in
[Wei93a], [GZY03], [KP01], and [LR05]. They focus on the design of special modulation
schemes for achieving unequal error protection, especially with non-uniformly spaced
signal constellations where symbols are grouped and the Euclidean distances within
and between those groups differ. In [Wei93a], a time-division multiplexing scheme
is proposed, switching between different conventional multilevel coding schemes. In
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[GZY03], non-uniform constellations together with a wavelet transform are applied in
order to perform UEP image transmission. A non-uniform partitioning scheme leading
to unequal error protection is presented in [KP01], and in [LR05], multiple block coded
modulation is used together with nonregular partitioning. However, none of these
publications focuses on the properties of the channel codes or the overall system design.
In this chapter, we present a way to modify the original multilevel coding approach
[WFH99] in order to obtain and control unequal error protection by defining general
design rules for the code dependent on a given signal constellation. We do not restrict
the method to particular codes, but develop general rules which are applicable for any
kind of codes. The chapter is structured as follows. The system model of a multilevel
coding scheme is presented in Section 3.1. Modifications for obtaining unequal error
protection and their performances are given in Section 3.2 for standard signal constellations. Section 3.3 contains a discussion about the flexibility and possible improvements
of the proposed scheme. In Section 3.4, hierarchical signal constellations are proposed
to circumvent certain problems. Section 3.5 finally verifies the construction rules by an
image transmission application.
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R0 = C0
R1 = C1
R2 = C2

Figure 3.1: Transmitter structure of an 8-PSK MLC scheme.

3.1

System Model

A multilevel code consists of an Mm -ary modulation scheme and a coding unit. The
signal constellation is successively partitioned into subsets until the subsets only contain
a single signal point. The partitions are labelled at each partitioning level by symbols
of an appropriate alphabet. A common approach for this partitioning strategy is
Ungerböck’s set partitioning, which maximises the minimum Euclidean distance between any two symbols of a subset [Ung82], [UC76].

The labels of each partitioning level are components of codewords of individual codes
at each level. Different design strategies have been proposed for these codes. For a long
time, the balanced distances rule was believed to be best suited, where


max mini=0,...,l−1 d2i δi , and thus d2i δi = const. holds, where d2i is the minimum
squared Euclidean distance of the corresponding sub-constellation and δi is the minimum Hamming distance of the code at level i. In [WFH99], the authors proved the
capacity design rule to be optimum in terms of mutual information. According to this
rule,
Ri = C i

(3.1)

for perfect codes, which means that the code rate at each level should be equal to the
capacity of the partitioning. This is connected to Shannon’s theorem which states that
1. a vanishing error probability is possible for R < C for block lengths going to
infinity, and
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Figure 3.2: Capacity curves of the partitioning levels in an 8-PSK scheme with
Ungerböck’s set partitioning.

2. the error probability will never vanish for R > C, regardless of the block length.
(converse to the coding theorem)

As a note on this, transmitting with a code rate R > C will make error-free transmission
impossible, whereas a code rate R < C will just reduce efficiency but maintain the
possibility of error-free transmission. In the context of finite block length codes,
performance is improved the farther the rate is from capacity. Figure 3.1 shows the
structure of such a multilevel coding transmitter with 8-PSK modulation and a 3-level
set partitioning.
Figure 3.2 shows the capacity curves for a set partitioning of an 8-PSK scheme. It
contains curves for 8-PSK, QPSK, and BPSK, since the set partitioning of the 8-PSK
scheme leads to these kinds of subsets. The capacities of the individual partitioning
levels follow from the chain rule of mutual information, [WFH99], and are given by
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Ci = I(Y ; X i |X 0 · · · X i−1 )


= Ex0 ···xi−1 C(A(x0 · · · xi−1 )) − Ex0 ···xi C(A(x0 · · · xi ))

,

(3.2)

where C(A(x0 · · · xi−1 )) represents the capacity of a signal subset A(x0 · · · xi−1 ). The
vector (x0 · · · xl−1 ) represents the bits addressing a symbol and X i is the random
variable corresponding to the ith bit. Correspondingly, Y i represents the random
variable of the ith bit based on the received symbol. As an example, the capacity
of the first partitioning level of an 8-PSK scheme would be C0 = C 8-PSK − C QPSK .
A low-complex decoding method is called multistage decoding (MSD), where the levels
are decoded one after another, taking into account decisions of previously decoded
levels. Since the lower levels’ performance is affected by the upper levels due to error
propagation, the upper levels are chosen for important data and the lower ones for less
important data.
The dashed lines in Fig. 3.4 show the error rates of the three levels in an 8-PSK
multilevel code with MSD versus the SNR. Note that the SNR is given by Es /N0 in
dB in order to compare the levels in a way that shows UEP properties. The codes are
Turbo codes of length N = 1000 and generators


1 + D + D3 1 + D + D2 + D3
G(D) = 1
1 + D2 + D3
1 + D2 + D3
for both component codes. They are designed according to the capacity design rule in
[WFH99] for an operating point of Es /N0 = 6 dB. We employ the same mother code
for all levels, and different code rates are obtained by puncturing and pruning [HvD06],
[HvDH+ 07]. The respective puncturing and pruning patterns are given in Appendix C.

3.2

Modification for UEP

As shown in Fig. 3.4, the levels do not differ significantly in performance. This section
describes how to modify the scheme in order to protect the bits in a symbol differently.
This work focuses on designing the coding unit rather than the modulation unit of the
MLC scheme. According to the capacity design rule given in (3.1), the choice of the
code rates is crucial to the performance of the system. Our approach is to vary the
code rates in order to, on the one hand, improve the performance for the important
data and, on the other hand, accept some performance degradation for less important
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data. In spite of the lower Euclidean distance, we assign the most important data to
the first partitioning level since the other levels are affected by error propagation in
case of a wrong decision in the first level in MSD.
The general idea is to allow for a lower code rate for the important data and increase
the code rate of the less important data, such that the overall rate remains constant.
This allows for a fair comparison with the original non-UEP scheme. The variation of
the code rates is achieved by choosing different operating points (w.r.t. the signal-tonoise ratio) for the levels.
Consider again Fig. 3.2. For Es /N0 = 6 dB, we have approximately the following
capacities at the levels:
C0 = 0.23 ,
C1 = 0.84 ,

(3.3)

C2 = 0.98 .
Thus, the optimal system would have the code rates R0 = 0.23, R0 = 0.84, and
R0 = 0.98 and all levels would have their waterfall region near the overall operating
point. Assume now, the first level shall be better protected. In order to accomplish this,
one may choose an individual operating point for this level at a lower SNR. Considering
the capacity curves in Fig. 3.2, this means reducing this level’s capacity. Sticking to
the capacity design rule, this reduces the level’s optimal code rate.
In return, the code rates of the other levels have to be balanced in order to keep the
overall code rate constant. How the compensation is divided among the remaining
levels has to be traded off depending on the application. Figure 3.3 shows the capacity
curves again, now with different individual operating points.
We choose C̃0 = 0.09 which means that the reduction has to be balanced by the other
levels. A possible choice is
C̃0 = R0 = 0.09 ,
C̃1 = R1 = 0.94 ,

(3.4)

C̃2 = R2 = 1 .
The new operating points are now located at those SNRs where the new capacities C̃i
are equal to the true capacities Ci . Thus, the individual operating points for the new
capacities of the first two levels are approximately at 4.4 dB and 7.6 dB. The chosen
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Figure 3.3: Individual operation points of a UEP-MLC scheme.

code rate for the last level is R2 = 1. Since the channel capacity never exactly reaches
the value one, we cannot define an operating point for the third level.
The bit-error rates of the new system are shown in Fig. 3.4. The code parameters are
the same as in Section 3.1 and the puncturing rates are designed for a signal-to-noise
ratio of Es /N0 = 6dB, i.e., the rate of the overall scheme is equal to the capacity
at Es /N0 = 6dB. One can see that the new waterfall regions are near the designed
operating points, as desired. Changing the code rate of a level, of course, has a direct
impact on the waterfall region. By designing the code rates to be equal to the true
capacities at a certain operating point (SNR), all levels (should) have good performance
at (and above) the operating point, and a high error rate for lower SNR. By modifying
the individual code rates, each level will show this behaviour at that particular SNR
which yields a (true) capacity equal to the code rate at that level. Note that we assume
optimal codes in this consideration. The actual location of the waterfall region depends
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Figure 3.4: Performance of an original MLC scheme and a UEP-MLC scheme
with individual operating points.

on how close the code performances are to the Shannon limit.

Furthermore, the general previous statement does not necessarily hold for multistage
decoding. Imagine R0 and R1 as in 3.4, and R2 = 0.98. The individual operating point
of the last level would be located at a lower SNR than the second level, as shown in
Fig. 3.3. If multistage decoding is used, the decoding process of a level is usually affected
by error propagation and cannot outperform the higher levels. Thus, the resulting real
operating point of the last level would be the same as of the second level in Fig. 3.3.
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Flexibility

According to the above description, the waterfall regions of a desired UEP-MLC scheme
can theoretically directly be chosen by defining appropriate code rates, as long as
reasonably good channel codes are used which are near to the Shannon limit. The only
constraint is that the overall rate should be kept constant in order to be able to compare
different codes or maintain the spectral efficiency. Generally, this method leads to a
UEP system which is very easy to design and control.
However, taking the capacity curves with set partitioning into consideration, the choice
of code rates can be very limited when the overall rate should be maintained. There
is only a small SNR range where it is possible to trade off the code rates. Consider
Fig. 3.2 again and imagine a desired overall operating point of 11 dB. The capacities
of both the second and the third level are 1. Thus, the code rate of the first level
cannot be reduced without reducing the overall code rate. Generally, the more levels
have capacities smaller than 1, the larger the degree of freedom in the design of a UEP
scheme.
In contrast, at an operating point of 4 dB, the first level already has a very low rate and
it does not make much sense to reduce it even further, in favour of data throughput.
To circumvent the problem at high SNR, where Ri = 1, 0 < i ≤ lm − 1, lm = log2 (Mm ),
one can still reduce the code rate of the first level. In order to maintain the throughput,
an appropriate amount of information data from the last, least important level can
be omitted before encoding which, in fact, leads to a rate Rl−1 > 1 and allows R0
to be reduced. In the context of scalable multimedia data, where UEP is desired,
sacrificing the least important data in favour of more important data is a common
method. Another solution to the problem are hierarchical signal constellations which
are presented in the next section.

3.4

Hierarchical Signal Constellations

In this section, we present UEP-MLC codes in combination with hierarchical signal constellations which may be designed to provide a desired amount of UEP. In [DVB],[HL06],
hierarchical modulation is presented, where the symbols are not uniformly distributed
in the signal space but are grouped such that the single bit positions in a symbol
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have different (or even desired) error probabilities. Figure 3.5 shows an exemplary
hierarchical 16-QAM signal constellation with inter-symbol distances d0 and d1 . By
optimising these distances, or their relation d0 /d1 , the amount of UEP can be varied.
However, small losses in the channel capacity have to be accepted for certain SNR
regions.

d0

d1

Figure 3.5: Hierarchical 16-QAM signal constellation.

Note that this 16-QAM scheme can be seen as an outer and an inner QPSK alphabet.
A goal of the constellation design should be that the capacities of the partitioning
levels should be more uniform than for standard signal constellations. Especially, the
capacity of the first (and second) level should be increased such that shifting operating
points is feasible. The labelling or partitioning strategy for this example is chosen such
that the first two bits are used to address the ’clouds’ of the outer QPSK scheme and
the last two bits address a symbol in the respective cloud. The further the clouds lie
apart, the more protected are the first two bits. This also means that the capacities of
the first two bits are increased with the relation d0 /d1 , while the capacities of the other
two bits are decreased. Figure 3.4 shows the capacities of the partitioning levels of a
uniform 16-QAM scheme with set partitioning and a hierarchical 16-QAM scheme with
d0 /d1 = 2. It is clear that the overall channel capacity of the hierarchical modulation
is slightly lower than that of the standard modulation for some SNRs. However, the
curves are much more suitable for UEP-MLC than standard modulation, because the
distances between the capacities are more uniform and shifting individual operating
points is feasible for a much bigger SNR region. Assuming an operating point of
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Es /N0 = 11dB, the capacities are
C0 = 0.98 ,
C1 = 0.98 ,

(3.5)

C2 = 0.56 ,
C3

= 0.56 .

When shifting the individual operating points, the SNR range where this is sensible and
efficient is much larger and the difference in protection between high and low protection
classes may be chosen to be much larger.
Generally, a higher flexibility in the choice of operating points can already be achieved
with Gray labelling instead of set partitioning to some extent. However, hierarchical
modulation offers an even higher degree of freedom and flexibility. It does not only
make UEP design feasible but in a way controllable by optimising the factor d0 /d1 , or
even designing this factor differently for real and imaginary signal components.
It should be noted that hierarchical modulation together with conventional MLC (without individual operating points) is not useful because the capacity design rule will
’destroy’ the UEP from modulation. Only when defining individual operating points,
one will gain from hierarchical modulation.

3.5

Image Transmission Application

In this section, we show two UEP-MLC examples of the above solution. First, an image
is divided into smaller blocks of size 8 × 8 bytes which are (each) progressively source
encoded using the Embedded Zero-Tree Wavelet (EZW) algorithm. The algorithm forces
the data to be arranged according to their importance, with the most important data
first. Afterwards, the sequence of source encoded blocks is assigned to the levels of
a UEP-MLC scheme, the most important data are encoded on the first level and so
forth, such that the codewords are of equal size on all levels. The fraction of bits
assigned to the first level is R0 / log2 (Mm ) and accordingly for the following levels, such
that the codewords on all levels have the same lengths. After modulation, the symbols
are transmitted over an AWGN channel, decoded using MSD and fed to the source
decoder. In case the receiver detects an error in a block (which can easily be done by
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Figure 3.6: Capacity curves of the partitioning levels in a standard 16-QAM scheme
with Ungerböck’s set partitioning and a hierarchical 16-QAM scheme
with d0 /d1 = 2.

an additional error detecting code), the source decoder only considers data from the
beginning of the block up to the error location and omits the rest.
We choose an overall operating point of Es /N0 = 11 dB. According to the shown biterror rates of a general MLC scheme, the error rates will still be high at exactly the
operating point but start to drop immediately. This means bad quality at the receiver
side. We verify this by transmitting the Lena image over a conventional MLC system
with 8-PSK at Es /N0 = 11 dB. The codes are designed for an overall operating point
exactly at this SNR, i.e., R0 = 0.8, R1 = 1, R2 = 1.
Figures 3.7(a) and 3.7(b) show the original image and the received and decoded image.
As expected, the quality is bad and the image is not identifiable. In order to account
for the structural properties of the image file, we modify the system to provide UEP
by defining the code rates to be R0 = 0.375, R1 = 1, R2 = 1.425, which corresponds
to individual operating points of 7.5 dB and 10.5 dB for levels 0 and 1. For level 3,
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(a) Transmitted original Lena image.

(b) Decoded Lena image transmitted over a
standard 8-PSK MLC scheme.

(c) Decoded Lena image transmitted over an
8-PSK UEP-MLC scheme.

(d) Decoded Lena image transmitted over a
hierarchical 16-QAM UEP-MLC scheme.

Figure 3.7: Original image (a), transmitted using a conventional 8-PSK MLC scheme (b),
using an 8-PSK UEP-MLC scheme (c), and using a hierarchical 16-QAM UEPMLC scheme (d) at Es /N0 = 11dB.
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the code rate does not have an equivalent operating point, since the capacity cannot
exceed 1. Note that the code rate R2 = 1.4125 is, in fact, accomplished by applying
no code at all and omitting the last 29.82 % of the third level’s information sequence.
As codes, again Turbo codes were used together with puncturing and pruning. Figure
3.7(c) shows the resulting image which contains only a few errors in the whole picture.
A similar simulation was done with a 16-QAM scheme. Figure 3.7(d) shows the decoded
image after transmission with hierarchical 16-QAM modulation with d0 /d1 = 2, where
the operating points were chosen to be 2 dB, 3 dB, 17.5 dB, and 15 dB. In this case,
even the few errors which are still visible in Fig. 3.7(c) were corrected.
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Chapter 4

UEP Low-Density Parity-Check
Codes for Coded Modulation
In this chapter, we present LDPC codes especially designed for higher order constellations. In order to allow for bandwidth-efficient transmission, it is desirable to use higher
order modulation techniques, such as M -QAM, M -PSK, or more advanced constellations. Modulation with higher order constellations (HOC) may imply that different bits
in the symbol have different error probabilities, i.e., the modulation already provides
some UEP. As presented in Chapter 3, coded modulation is a well-known strategy to
optimise the coding scheme given the modulation to improve the performance of transmission systems in terms of the overall bit-error rate, [Ung82, IH77, Ung87a, Ung87b].
This chapter focuses on LDPC codes, originally presented by Gallager in [Gal62]. They
exhibit a performance very close to the capacity for the binary-input additive white
Gaussian noise (BI-AWGN) channel, [RSU01]. The close-to-optimal performance of
LDPC codes for the BI-AWGN channel suggests the use of LDPC codes also for other
channels. The aim is to design LDPC codes for transmissions using higher order
constellations in applications where the source bits have different sensitivities to errors
and UEP is desired.
LDPC codes have been designed for large constellation sizes in previous works. In
[HSMP03], separate codes have been chosen for each level in a multilevel coding scheme.
On the contrary, bit-interleaved coded modulation (BICM), [CTB98, SSN04] employs
only one code for all levels of the modulation. A design method for discrete multitone
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modulation is proposed in [SA07]. This method may be applied directly also to HOC
and is very similar to the design approach suggested in [SSN04]. In [SSN04] and
[SA07], the codes are designed to have local properties that match the higher order
constellations, and the codeword bits are assigned to the bit positions of the modulation
scheme. All these approaches design LDPC codes for coded modulation, but without
providing UEP.
Apart from designing the code to account for the UEP provided by the modulation itself
and thereby reducing the overall BER, the aim is to provide a flexible design method
that enables to use the UEP already present from the modulation to create a code with
different or more UEP capabilities which are usually specified by the source coding
unit. Long LDPC codes generally perform better than short ones. Therefore we use one
LDPC code and assign its codeword bits to the levels of the coded modulation scheme
instead of designing one short LDPC code for each level. It is widely observed that the
connection degree of the variable nodes affects the bit-error rate, at least for a limited
number of decoding iterations. Thus, we design the variable node degree distribution
of the code in an irregular way using density evolution. This has been done before for
antipodal transmission, [KSS03a, PDF04a, PDF07, RPNF07]. The codeword bits are
divided into several protection classes where the protection depends on the connection
degrees of their bits. Note that an irregular variable node degree distribution is not the
only possible approach for obtaining UEP-LDPC codes. In [SHD06], the check node
degree distribution is adapted, keeping the variable node degree distribution fixed.
Furthermore, UEP-LDPC codes can be constructed by an algebraic method based
on the Plotkin construction, [KM06]. Nevertheless, this work concentrates on the
optimisation of an irregular variable node degree distribution, whereas the check node
degree distribution is fixed, but still irregular.
We design UEP-LDPC codes for higher order signal constellations using sub-degree
distributions both for the protection classes and for the classes of bits with different
inherent protection resulting from the modulation. This allows for a very flexible code
design where any conventional modulation scheme, like M -QAM or M -PSK as well
as more complex schemes like hierarchical constellations [FR93], may be used. The
code design is solved by iterative linear programming (LP), which realises an efficient
optimisation of the sub-degree distributions. Our code design is based on the design
method for UEP-LDPC codes with antipodal transmission suggested in [PDF07].
The chapter is organised as follows. In Section 4.1, we briefly introduce fundamentals
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on LDPC codes, including the Tanner graph representation, graph-based decoding
strategies, and information processing during decoding. Section 4.2 presents the overall
system and modulator models. Section 4.3 contains the main contribution, introducing the code optimisation of UEP-capable codes used together with higher order
constellations and providing an algorithm for the code design. In Section 4.4, some
simulation results for 8-PSK and 64-QAM are shown and compared to conventional
codes optimised for BPSK channels.

4.1

Fundamentals of LDPC Codes

LDPC codes are linear block codes with a sparse parity-check matrix H which is of
dimension (N − K) × N . The code rate is R = K/N where K and N are the lengths
of the information word and the codeword. An LDPC code can be represented by a
bipartite Tanner graph [Tan81] which consists of variable nodes vi , check nodes cj , and
edges et . Let us consider the parity-check matrix below with N = 10, K = 5, and
R = 1/2.


0 0 1 1 0 0 1 0 1 0


 1 0 0 1 0 1 0 0 0 1 



H=
(4.1)
 1 0 1 0 1 0 0 1 0 0 


 0 1 0 0 1 1 0 0 1 0 
0 1 0 0 0 0 1 1 0 1
The corresponding Tanner graph is shown in Fig. 4.1, where the circles on the left denote
the variable nodes and correspond to the code bits, i.e., to the columns of the paritycheck matrix. The squares on the right correspond to the parity-check constraints, i.e.,
to the rows of the parity-check matrix. A variable node vi is connected to cj through
an edge et if and only if the entry hj,i 6= 0, which means that the ith code bit is involved
in the jth parity-check constraint.

For the analysis of LDPC codes, some properties are of interest, which are defined in
the following.
Definition 4.1 (Cycle)
A cycle in the Tanner graph is a path that connects a variable node to itself, where
each edge is only visited once. The length of the cycle is defined by the number of edges
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Figure 4.1: (2,4) regular Tanner graph.

involved in the cycle. Since the Tanner graph is bipartite, the cycle length is always an
even number.
Definition 4.2 (Girth)
The girth of a Tanner graph is defined as the length of the shortest cycle in the graph.
Definition 4.3 (Stopping set)
A stopping set is a set of variable nodes V whose neighbouring check nodes are connected
to V at least twice.
In the case of a BEC, a variable node set which is completely hit by erasures cannot
be corrected. Therefore, especially small stopping sets affect the performance in the
error-floor region. For the AWGN channel, the situation is more complex but similar.
Generally, short cycles facilitate the existence of small stopping sets and should be
avoided.
The number of edges connected to a node is called the degree of the node. A graph is
said to be (dv , dc ) regular if all variable nodes have the same degree dv and all check
nodes have the same degree dc . Figure 4.1 shows a (2,4) regular realisation. Note that it
is not the code that is regular, but the parity-check matrix and the corresponding graph.
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However, irregular LDPC codes are known to approach capacity more closely than
regular LDPC codes. The irregular variable node and check node degree distributions
may be defined from an edge perspective by the polynomials [RSU01]
dvmax

λ(x) =

X

λi xi−1

(4.2)

ρi xi−1 ,

(4.3)

i=2

and
dcmax

ρ(x) =

X
i=2

respectively, where dvmax is the maximum variable node degree and dcmax is the maximum check node degree of the code. The coefficients λi and ρi describe the proportion
of edges connected to variable and check nodes with degree i. Similarly, the degree
distribution can be defined from the node perspective as
dvmax

λ̃(x) =

X

dcmax
i−1

λ̃i x

and

i=2

ρ̃(x) =

X

ρ̃i xi−1 ,

(4.4)

i=2

where the coefficients denote the fractions of degree-i variable and check nodes. The
different representations are connected by
λi /i
λ̃i = P
j λ̃j /j

and

ρi /i
ρ̃i = P
.
j ρ̃j /j

(4.5)

In order to optimise the degree distribution of an irregular LDPC code, the decoding
behaviour has to be investigated. Based on a belief propagation decoding algorithm,
the messages along the edges of the graph (reliability-based information) are updated
iteratively. Their expected evolution can be computed by means of density evolution
using a Gaussian approximation [CRU01] and thereby, the decoding behaviour of a
code ensemble with a specific degree distribution can be predicted. Density evolution
is an asymptotic tool, however, for simplicity, we use it to design codes of finite length.
The decoding of LDPC codes is done in an iterative manner, updating reliability
information at variable nodes and at check nodes in an alternating fashion. For
belief propagation, the decoder update rules at the variable nodes and check nodes
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are [CRU01]

Lvi cj = Lch,i +

X

Lck vi

and

(4.6)

k6=j



Lcj vi = 2 tanh−1 

Y

k6=j



tanh(Lvk cj ) .

(4.7)

In the first equation, Lvi cj is the message from variable node i to check node j. The
summation runs over all dvi − 1 variable node neighbours, excluding check node j. The
same holds for the check node update. Based on the independence assumption, Lvi cj is
2 + (d − 1)σ 2 , where σ 2 is the variance of the intrinsic
Gaussian with variance σ 2 = σch
vi
a
ch
2
channel L-values and σa is the variance of the incoming message densities. From the
variance of a symmetric Gaussian density, we can compute the mutual information
using (1.51), such that the mutual information xvc of the outgoing message of a degreedv variable node message is
q

2
2
σch + dv σa ,
xvc = J(σ) = J
(4.8)
or with σa = J −1 (xcv ),
xvc = J(σ) = J

q

2
σch

+ (dv −

1) [J −1 (x

2

cv )]



,

(4.9)

In [AKtB04], it has been proved for the BEC that
xvc (dc , xcv ) = 1 − xcv (dc , 1 − xcv ) .

(4.10)

Assuming appropriateness also for the AWGN channel, the mutual information update
at a degree-dc check node is
q

xcv (dc , xvc ) = 1 − J
(dc − 1) [J −1 (1 − xvc )]2
(4.11)
For irregular codes, the incoming densities are not necessarily equal due to varying
degrees. Therefore, the overall mutual information at the output of the variable nodes
and check nodes is averaged over the different degrees. Thus, the mutual information
messages of the L-values from check nodes to variable nodes xcv and from variable
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nodes to check nodes xvc at iteration l, computed by means of density evolution using
the Gaussian approximation [CRU01], are given by
dcmax

dcmax
(l−1)
xcv

=

X
j=2

ρj xcv (dc = j, xvc ) = 1 −

dvmax
(l)
xvc
=

X

X

dvmax

λj xvc (dv = j, xcv ) =

j=2

X
i=2

ρj J

j=2

λi J

q

r

(j

− 1)J −1 (1

−



, (4.12)

.

(4.13)

(l−1)
xvc )

2
(l−1)
+ (i − 1)J −1 (xcv )
σ2

!

Combining (4.12) and (4.13), one can summarise the density evolution (DE) as a
function of the mutual information of the previous iteration, the noise variance, and
the degree distributions:
x(l) = F (λ, ρ, σ 2 , x(l−1) ) .

(4.14)

Using this density evolution, one may predict the decoding behaviour and optimise the
degree distribution under the constraint that the mutual information is increasing with
every decoding iteration:
!

F (λ, ρ, σ 2 , x) > x .

4.2
4.2.1

(4.15)

System Model
Model Description

The independent and identically distributed (i.i.d.) information bits ui are assigned
to Np − 1 protection classes, which are usually defined by the source coding unit and
do not have to be of equal size. We apply only one UEP-LDPC code, providing Np
protection classes at its output (see Fig. 4.2), where the parity bits correspond to
the least protected class P Np . The bits of the protection classes are re-multiplexed
and assigned to certain bit positions of the modulator, corresponding to modulation
classes M1 , . . . , MNm . Bits belonging to one modulation class have the same error
probability after the demapper. The bit assignment will be described in Section 4.3.1.
In the following, we assume an AWGN channel with noise variance σ 2 .
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Figure 4.2: Schematic description of the proposed UEP-LDPC coded modulation.

4.2.2

Modulation

Let us assume a modulation scheme with Mm = 2lm symbols, labelled by binary vectors
d = (blm −1 , . . . b1 , b0 ). In order to design codes for HOCs, we investigate the error
probabilities of the individual bit positions inside the symbol.
One may use traditional constellations like 8-PSK or 64-QAM as well as non-uniform
constellations, so-called hierarchical modulation [LH06] or multiresolution modulation
[FR93]. When UEP is desired, the latter have the advantage that they can provide more
UEP to the bit positions inside the symbol than traditional constellations. Furthermore,
the design methods in the above references allow for a controllable amount of UEP
through variations in the distances between the signal points.
Generally, one can approximate the symbol-error probability Ps as well as the biterror probabilities Pb,b0 . . . Pb,blm −1 of a constellation using the union bound. For Gray
labelling, the average bit-error probability is often assumed to be equal for all bit
positions, i.e., P̃b,bi ≈ Ps / log2 (M ). However, it is important to take the different
bit-error probabilities into account when designing codes for HOCs. In this work, we
consider Gray labelling, since the bit-errors have low statistical dependencies and can
thus be assumed to be independent [SWBK03], which is very important for the message
passing decoder. If labellings other than Gray are of interest, the belief-propagation
decoder may be modified, as done in [NSL06] for LDPC coded modulation.
In [WFH99], it was stated that a symmetric channel with input alphabet of size
Mm = 2lm can be represented by lm equivalent binary-input channels. Depending on
the labelling, the equivalent channels may not be symmetric. Since the symmetry of the
channel is an important property for the density evolution of LDPC code ensembles,
we use a method called i.i.d. channel adapters [HSMP01]. In order to force symmetric
component channels, i.i.d. binary vectors t = [t1 . . . tn ] are added modulo-2 to the
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Figure 4.3: 8-PSK modulation with Gray labelling.

codeword. At the receiver, the log-likelihood ratio Lj is multiplied by −1 if tj = 1.
Since the equivalent component codes are now symmetric, one can assume its behaviour
to be the same as with BPSK signalling. From the known bit-error probabilities of the
binary component channels, it is easy to determine their equivalent noise variances
σi2 which are required by the density evolution later on. We define the noise vector
2 ] to be a vector that contains the equivalent noise variances for
σ2 = [σ12 . . . σN
m
each individual bit-error rate, i.e., for each modulation class, ordered with the lowest
variance first. We assume that there are Nm distinct equivalent noise variances, where
Nm ≤ lm .
Example 4.1 (8-PSK)
8-PSK modulation with Gray labelling is shown in Fig. 4.3. Considering only neighbouring signal points, the approximate symbol-error rate expression for this modulation
is given as [Pro01],
p
π
Ps,8−P SK = erfc
.
(4.16)
3 · Eb /N0 sin
8
The average bit-error rate is P̃b ≈ Ps / log2 (M ). The expressions for the bit-error
probabilities of the individual bits in the symbol are
p
1
π
Pb,b0 ≈
3 · Eb /N0 sin
,
(4.17)
· erfc
2
8


p
π
1
3 · Eb /N0 sin
Pb,b1 = Pb,b2 ≈
.
(4.18)
· erfc
4
8

Note that the above expressions are approximations, which are assumed to be appropriate for our purposes, but can, of course, be replaced by more exact formulae.
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Figure 4.4: Channel assumptions for a) standard code design b) design for HOCs.

From the different bit-error probabilities, one can determine equivalent noise variances
of the single bit positions assuming different BPSK channels. From the error probability
of a BPSK channel,
!
1
1
Pb,bj = · erfc
,
(4.19)
2
2σj2
we obtain the equivalent noise variance
σj2 =

1

2 .
2 erfc−1 (2Pb,bj )

(4.20)

Usually, LDPC codes are designed for one noise variance and it is assumed that all bits
are transmitted over the corresponding channel. In this chapter we design codes using
the equivalent noise variances from (4.20). To compare the standard code design with
our new design in a fair way, we calculate an equivalent BPSK noise variance, denoted
2
by σBP
SK , which is the noise variance of a BPSK channel that would give a bit-error
probability equal to the average bit-error probability of the HOC. Figure 4.4 shows a
schematic explanation of the above channel assumptions.
In the following, we assume that Nm equivalent BPSK channels are employed together
with i.i.d. channel adapters instead of the HOC channel.
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4.2.3

Notations

We consider a UEP-LDPC code with Np protection classes. The proportions of each
class are given by the normalised lengths of each class corresponding to the information
bits, α = [α1 , . . . , αNp −1 ], i.e., αi equals the number of bits belonging to protection
class P i divided by the total number of information bits k. The proportion distribution of the bits in the codeword belonging to the protection classes is thus given by
p = [α1 R, . . . , αNp −1 R, (1 − R)]. Nm is the number of different bit-error rates for the
bits in a symbol and we will describe the bits with a distinct bit-error rate as belonging
to one modulation class Mj . β = [β1 , . . . , βNm ] defines the proportion of bits that
belongs to each modulation class.
The vector λ contains the overall variable node degree distribution, both for different
k
protection classes and different modulation classes. Let λP
Mj ,i be the proportion of
edges connected to variable nodes of degree i that belong to modulation class Mj and
protection class P k . Define
k

k

k

P
P
T
λP
Mj = [λMj ,2 , . . . , λMj ,dvmax ]

and
λ=



1 T
P Np T
λP
M1 , . . . , λM1 ,

...,

T
1
P Np T
λP
MNm , . . . , λMNm

T

,

k

where (·)T denotes the transpose. λP
Mj is a column vector of length dvmax − 1 and λ is
a vector of length ((dvmax − 1) · Np · Nm ). The vector
ρ = [ρ2 , . . . , ρdcmax ]T
describes the check node degree distribution.

4.3
4.3.1

UEP-LDPC Codes for Higher Order Constellations
Optimisation of the Degree Distribution

The mutual information messages from variable nodes to check nodes xvc at iteration
l, computed by means of density evolution using the Gaussian approximation [CRU01],
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are given by
(l)
xvc

=

Np dvmax
Nm X
X
X

k

λP
Mj ,i J(

j=1 k=1 i=2

2
(l−1)
+ (i − 1)J −1 (xcv
)) .
σj2

(4.21)

The update rule for the messages from check nodes to variable nodes (4.12) is not
affected by the division of the variable node degree distribution into sub-distributions
since the check node degree distribution is constant for all protection classes and
modulation classes. Equations (4.12) and (4.21) can be combined to yield the mutual
information evolution of the LDPC code
(l)
(l−1)
xvc
= F (λ, ρ, σ2 , xvc
).
(l)

(l−1)

(4.22)

(l−1)

If xvc > xvc for any xvc , then λ and ρ describe a code for which density evolution
converges for the noise variance vector σ2 . Since the variable node degree distributions
represent proportions of edges connected to variable nodes of certain degrees, the
constraint
Np dvmax
Nm X
X
X

k

λP
Mj ,i = 1

(4.23)

j=1 k=1 i=2

must be fulfilled.
UEP capabilities may be obtained by a step-wise algorithm that optimises one protection class in each run, starting with the most protected class. It optimises the
variable node degree distribution of the respective class under the constraint that the
distributions of all previous classes are fixed. For BPSK signalling, this has been
proposed in [PDF07]. It is well-known that a higher connectivity of a variable node
leads to better protection. Thus, the optimisation target for each class is to find a
variable node degree distribution for the whole code that maximises its own average
variable node degree. When the proportion of edges in the parity check matrix that
are associated with a specific class is high, many messages will be passed and the
local convergence of the graph is fast. However, in the limit when the number of
decoding iterations tends to infinity, all messages have passed through the whole graph
and there should be no UEP capability left. This implies that the UEP capability
should theoretically be decreasing with an increasing number of iterations. However,
our results show that for a reasonable number of iterations, the UEP capability is
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not affected much by the number of decoding iterations. This issue is not within the
scope of this chapter and will be investigated in Chapter 5. Figure 4.9 in Section 4.4
shows the BER as a function of the number of decoding iterations for the code design
suggested later in this chapter. In [PDF07], UEP-LDPC codes have been designed for
BPSK channels. The authors show that it is not only the average connection degree
to be maximised but also the minimum variable node degree. Therefore, the second
optimisation target of our code design is the maximisation of the minimum variable
node degree of each protection class.
The aim of the code design is to reduce the overall BER by taking the different
error probabilities of the modulation levels into account. The design algorithm should
also give the possibility to trade overall BER for UEP capability. The natural way
of assigning bits from modulation classes to protection classes to achieve UEP, is
to use the best protected bits from the modulation, that is, modulation class M1 ,
for protection class P 1 and continue like that until all bits have been assigned to a
protection class. However, this assignment is not necessarily expected to give a degree
distribution with the lowest possible threshold, where the threshold is defined as the
lowest Eb /N0 for which density evolution converges. As discussed later, there is always
a trade-off between a low threshold and good UEP capabilities. By distinguishing not
only between degree polynomial coefficients for different protection classes but also for
different modulation classes, linear programming may be used to assign bits from the
modulation classes to the protection classes.
In order to obtain UEP capabilities, the optimisation target is to maximise the average
variable node degree of the protection class currently optimised while maximising the
minimum variable node degree of the class, [PDF07]. The target function for protection
class P k can be formulated as
max
λ

vmax
Nm dX
X

k

λP
Mj ,i .

(4.24)

j=1 i=2

This target function will ensure a maximised average variable node degree, but in order
to also maximise the minimum variable node degree of the class, the optimisation is
first performed for a high minimum variable node degree. If no degree distribution
for which density evolution converges can be found, the optimisation is repeated for
a lower minimum variable node degree as in [PDF07]. Repeated optimisation with
the target function (4.24) results in a degree distribution with UEP capabilities, but
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the target function does not account for the fact that variable nodes connected to the
first modulation class are more valuable than those from worse modulation classes.
Therefore, we introduce a scaling factor kj for each modulation class which decreases
with the modulation class index, i.e., k1 > k2 > . . . > kNm > 0.

max
λ

Nm
X
j=1

dvmax

kj

X

k

λP
Mj ,i

(4.25)

i=2

The choice of this scaling factor affects how valuable a better modulation class is
compared to a modulation class with higher equivalent noise variance. Although
differences in the degree distribution occur for different choices of kj , the differences
in BER are negligible and, for simplicity, kj might be chosen as kj = Nm − j + 1.
The factor kj has the effect that the linear programming algorithm, if possible while
fulfilling all constraints, will use modulation classes with low noise variance for the
protection classes being optimised.
Besides the optimisation constraints given in Equations (4.22) and (4.23), there are
some more constraints which have to be fulfilled by the optimised λ. The variable node
degree distribution is connected to the check node degree distribution and the code
rate by
Pdcmax
j=2

ρj /j

i=2

λi /i

R = 1 − Pdv
max

.

(4.26)

Furthermore, the proportion vectors α and β impose the following two constraints on λ

NP k

= αk · R · N ,

NMj

= βj · N

k = 1, . . . , Np − 1,

and

(4.27)
(4.28)

where NP k and NMj denote the total number of variable nodes belonging to protection
class P k and to modulation class Mj , respectively. NP k and NMj are connected to
λ(x) and ρ(x) in the following way. Let Ne be the total number of edges in the graph.
Therewith,
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dcmax

N −K =
N=

X ρi
· Ne
i

i=2
Np Nm dvmax

(4.29)

· Ne .

(4.30)

k

X X X λP
Mj ,i
k=1 j=1 i=2

and

i

Solving (4.29) for Ne and replacing it in (4.30) gives
k

N=

Np Nm dvmax P
X
X X λMj ,i

i

k=1 j=1 i=2

dcmax

· (N − K)/

X ρi
,
i

(4.31)

i=2

with N − K = N · (1 − R). Thus, the number of variable nodes from certain classes are
obtained by omitting the corresponding sums in (4.31):

k

NP k

=

vmax
Nm dX
X
λP
Mj ,i

j=1 i=2

i

k

NMj

=

Np dvmax P
X λMj ,i
X
k=1 i=2

i




X ρi
 and
· N · (1 − R)/ 
i
i=2


dcmax
X ρi
 .
· N · (1 − R)/ 
i
dcmax

(4.32)

(4.33)

i=2

When designing good LDPC code ensembles, the stability condition which ensures
convergence of the density evolution for mutual information close to one should be
fulfilled [RSU01]. The stability condition gives an upper bound on the number of
degree-2 variable nodes. For a BPSK scheme, where all bits are affected by the same
noise variance, we have [RSU01]
1
> e−r =
′
λ (0)ρ′ (1)

Z

x

1

P0 (x)e− 2 dx = e− 2σ2

(4.34)

R

with P0 (x) being the message density corresponding to the received values (e.g., Gaussian in case of AWGN) and λ′ (x) and ρ′ (x) being the derivatives of the degree polynoPdcmax
P m PNp P k
′
mials. We observe that λ′ (0) = N
m=2 ρm · (m − 1). In
j=1
k=1 λMj ,2 and ρ (1) =
our case, the bits are affected by channel noise with different equivalent noise variances
σj2 (see (4.20)) and thus different densities P0,j (x). We use the average density, which
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is given by utilising the modulation class proportions β,
−r

e

=

Z X
Nm
R j=1

x

βj · P0,j (x)e− 2 dx =

Nm
X
j=1

−

βj · e

1
2σ 2
j

.

(4.35)

We note that this is an approximation, but we assume it to be sufficient for the ensemble
of code constructions with given β.
Since the design of degree distributions should be independent of the dimensions of the
code, all above given constraints will be used in the algorithm, rewritten only containing
λ, ρ, α, β, σ2 , and R, i.e., without using N and K.

4.3.2

Optimisation Algorithm

The optimisation algorithm proposed here is a modification of the hierarchical optimisation algorithm presented in [PDF07] for HOCs. The optimisation is performed at
Eb /N0 = δ + ǫ, which will be the threshold of the optimised code, where δ is the lowest
possible threshold in dB for the given ρ and dvmax , and ǫ is the offset from the lowest
threshold that provides more flexibility in the choice of λ for the code design. For
ǫ = 0, the designed code has some inherent UEP by assigning higher degree variable
nodes to the more protected classes. On the contrary, by introducing ǫ > 0, we allow
for more freedom in the code design, assigning even higher degrees or larger fractions
of edges to the high degrees of the first class and accepting worse properties for the less
important protection classes. Hence, ǫ > 0 leads to increased UEP compared to the
inherent UEP of the ’minimum threshold code’.
The algorithm can be divided into an outer loop and an inner loop. For a given Eb /N0 ,
the outer loop runs over the protection classes, starting from the first. At this point,
the degree distribution of the code is designed while optimising the corresponding
protection class. As mentioned before, there are two target functions to be maximised,
i.e., the average connection degree and the minimum connection degree of the class’
variable nodes. Since we are using LP with only a single objective function, we choose
it to be the maximisation of the average connection degree. The maximisation of
the minimum variable node degree is performed by the inner loop which runs over
different values for the minimum degree, starting from some maximum value and
successively reducing it during the procedure. Once a valid solution is found for
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the current protection class and minimum degree, the next protection class P k is
optimised, assuming that classes P 1 , . . . , P k−1 have already been optimised and that
1
P k−1 , ∀j, are fixed.
, ..., λM
λP
j
Mj
The optimisation algorithm can be stated as follows.

I) Fix Eb /N0 = δ + ǫ and calculate σ2 .
II) Find λ by performing the inner optimisation loop for each protection class.

For the optimisation of class P k , a linear-programming routine is executed, which
requires the definition of the check node degree distribution ρ, Eb /N0 = δ + ǫ in dB,
the maximum variable node degree dvmax , and the code rate R. The optimisation
algorithm is presented on page 73.

4.3.3

Code Construction

When the optimal degree distribution of the variable nodes is found, a parity-check
matrix is constructed by a modification of the approximate cycle extrinsic (ACE)
message degree algorithm [TJVW04]. The ACE algorithm constructs a parity-check
matrix following a given variable node degree distribution while selectively avoiding
small cycle clusters that are isolated from the rest of the graph. The code constructed
by the ACE algorithm has good performance in the error floor region for irregular
LDPC codes.
The original ACE algorithm [TJVW04] only ensures a certain variable node degree
distribution. However, the design algorithm optimises the variable node degree distribution given a certain check node degree distribution and a parity-check matrix with
degrees given by λ and ρ is desired. The modified ACE construction of the paritycheck matrix also ensures that the check node degree distribution equals ρ. Whereas
the ones in a column are located at random positions in the original ACE algorithm, we
allow only those positions where a one does not violate the defined check node degree
distribution.
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Simulation Results

In this section, simulation results for examples with 8-PSK and 64-QAM are presented.
We denote our scheme by ”HOC-UEP”, which is a UEP-LDPC code optimised for the
different σj2 of the modulation. The HOC-UEP scheme is compared to a UEP-LDPC
code optimised for BPSK [PDF07]. This scheme, that is denoted by “UEP”, designs
2
the code for the comparable σBP
SK (see Section 4.2.2) and assign the best bits from
modulation to the first protection class and likewise for other protection classes. Our
scheme is also compared to a design without UEP similar to the design proposed in
[SSN04]. In the following, all variable node degree distributions are optimised for R =
1/2, Np = 3, α = [0.3, 0.7], dvmax = 30, and ρ(x) = 0.00749x7 + 0.99101x8 + 0.00150x9 ,
which is found by numerical optimisation in [RSU01] to be a good check node degree
distribution for dvmax = 30.

4.4.1

Results for 8-PSK

For Gray-labelled 8-PSK, the noise vector σ2 is calculated according to (4.20), with
Nm = 2 and β = [2/3, 1/3]. Table 4.1 shows the degree distributions of the UEP
scheme. We arbitrarily choose ǫ = 0.1 dB to allow for some increased UEP. The resultk
ing degree distributions λP are given for each protection class P k . For comparison,
the degree distribution for the minimum threshold, that is ǫ = 0 dB, is also shown.
This degree distribution corresponds to the code design with inherent UEP only. The
k
, are given in Table 4.2.
degree distributions of the HOC-UEP scheme, λP
Mj

Table 4.1: Degree distributions for the UEP scheme with
Np = 3 protection classes.

P1

P2

P3

ǫ = 0 dB

λ7 = 0.0799
λ8 = 0.0948
λ30 = 0.3029

λ3 = 0.1790
λ6 = 0.0737
λ7 = 0.0414

λ2 = 0.2103
λ3 = 0.0181

ǫ = 0.1 dB

λ11 = 0.1783
λ12 = 0.1184
λ30 = 0.2183

λ3 = 0.2041
λ4 = 0.0393

λ2 = 0.1841
λ3 = 0.0575
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Table 4.2: Degree distributions for the HOC-UEP scheme for 8-PSK with
Np = 3 protection classes and Nm = 2 modulation classes.

ǫ = 0 dB

M1

M2

ǫ = 0.1 dB

M1

P1

M1

λ3 = 0.1673

λ2 = 0.1240

λ4 = 0.0225
λ5 = 0.0738
λ7 = 0.0117

λ2 = 0.0878
λ3 = 0.0022
λ4 = 0.0183

λ12 = 0.3290
λ30 = 0.1782

λ3 = 0.1070

λ2 = 0.1585

λ3 = 0.0396
λ4 = 0.1026
λ5 = 0.0165

λ2 = 0.0547
λ3 = 0.0137

λ3 = 0.0848

λ2 = 0.1733

λ3 = 0.0782
λ4 = 0.0940

λ2 = 0.0414
λ3 = 0.0115

λ3 = 0.0268
λ3 = 0.1849
λ4 = 0.0291

λ2 = 0.2163
λ2 = 0.0092

λ15 = 0.4840
λ30 = 0.0327

M2
ǫ = 0.3 dB

M1
M2

P3

λ9 = 0.1703
λ10 = 0.0555
λ30 = 0.1811
λ30 = 0.0854

M2

ǫ = 0.2 dB

P2

λ16 = 0.4993
λ16 = 0.0345

For comparison, we also design a code with only one information class without UEP
capability, which is similar to the approach in [SSN04]. However, the approach in
[SSN04] does not separate the degree distributions for information bits and parity bits.
The degree distributions are shown in Table 4.3.
Finite-length codeword simulations with N = 4096 and 50 decoding iterations are
performed. Simulations verify that 8-PSK modulation and demodulation give almost
exactly the same results as the equivalent BPSK channels. We assume that a soft
demapper provides the message passing decoder with the channel log-likelihood ratios
(LLRs) in any case using HOC modulation and demodulation. Note that the channel
LLRs are computed using the appropriate noise variances σj2 of the modulation classes.
Figure 4.5 shows the overall BER after 50 decoding iterations averaged over all protec-
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Table 4.3: Degree distributions for the design without UEP for 8-PSK.

Information bits
ǫ = 0 dB

M1

M2

λ3 = 0.1474
λ5 = 0.0021
λ7 = 0.0023
λ9 = 0.2204
λ11 = 0.0008
λ13 = 0.0002
λ15−25 = 0.0013
λ27 = 0.0003
λ29 = 0.0011
λ3 = 0.0019
λ5 = 0.0581
λ7 = 0.0008
λ9 = 0.0017
λ11 = 0.0003
λ13 = 0.0001
λ15−25 = 0.0008
λ27 = 0.0002
λ29 = 0.0005

λ4 = 0.0008
λ6 = 0.0008
λ8 = 0.0005
λ10 = 0.0040
λ12 = 0.0004
λ14 = 0.0002
λ26 = 0.0002
λ28 = 0.0004
λ30 = 0.1751
λ4 = 0.0509
λ6 = 0.0049
λ8 = 0.0057
λ10 = 0.0006
λ12 = 0.0002
λ14 = 0.0001
λ26 = 0.0001
λ28 = 0.0003
λ30 = 0.0869

Parity bits
λ2 = 0.1237
λ3 = 0.0154

λ2 = 0.0881
λ3 = 0.0005

tion classes for both ǫ = 0 dB and ǫ = 0.1 dB. It is seen that the overall BERs of the
HOC-UEP codes are lower than the ones for the UEP codes. For an overall BER of
10−4 , there is a gain of around 0.7 dB by the HOC-UEP scheme which is due to the
2
consideration of the different σj2 in contrast to only assuming an average σBP
SK . The
overall BER for the design similar to the approach in [SSN04] is shown for comparison
even though this scheme has no UEP capability. By design, the overall BERs for the
codes with ǫ 6= 0 dB are higher than for the corresponding codes with ǫ = 0 dB, because
the thresholds of the codes are increased in order to allow an increased average variable
node degree of the most protected classes. However, our results for the HOC-UEP
scheme show a slightly lower overall BER for the case with ǫ = 0.1 dB compared to
ǫ = 0 dB. The reason for this disagreement are finite-length issues, approximations
(e.g., Gaussian approximation and error probabilities of the equivalent channels) as
well as numerical inaccuracies.
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The BER performance of the individual protection classes P 1 and P 2 for the UEP
scheme are shown in Fig. 4.6. Note that we do not show protection class P 3 because it
contains parity bits only and is of little interest for possible applications. As expected,
the UEP capability, i.e., the difference in BER between class P 1 and P 2 , is increased
slightly with increasing ǫ. Generally, the UEP capability is accomplished by assignment
of high degree variable nodes to the most protected classes.
Figure 4.7 shows the BER performance of protection classes P 1 and P 2 for the HOCUEP scheme. The results show that the HOC-UEP ǫ = 0.1 dB code has lower BER for
both information classes than the HOC-UEP ǫ = 0 dB code. The differences in BER
are partly balanced by protection class P 3 which is not shown here. By comparing
Fig. 4.6 and Fig. 4.7, we see that the BERs of the HOC-UEP scheme are much lower
than those of the UEP scheme for higher SNR. The gain of the HOC-UEP scheme
relative to the UEP scheme is 0.8 dB for both protection classes P 1 and P 2 , at BERs
of 10−6 and 10−4 , respectively. We also see that the difference in performance between
the protection classes is slightly higher for the HOC-UEP scheme than for the UEP
scheme, especially for high SNR. Because of the large difference in BER of the protection
classes and also the knowledge of the proportion of bits in the classes, we know that it
is mainly P 2 that governs the performance in terms of the overall BER. By comparing
also with Fig. 4.5, it is seen that the overall BER of the approach similar to [SSN04]
without UEP is almost equal to the overall BER of the HOC-UEP scheme with ǫ = 0
dB and worse than the HOC-UEP scheme with ǫ = 0.1 dB. When comparing these
schemes, remember also that the HOC-UEP scheme provides a BER significantly lower
than the overall BER for P 1 . Figure 4.8 shows the effect of different threshold offsets in
the HOC-UEP scheme, with BER as a function of ǫ for Eb /N0 = 2.4 dB. It is seen that
ǫ = 0.1 dB is a good choice for our example, since the BERs for both classes are lower
than for code design without increased UEP (ǫ = 0 dB). For higher values of ǫ, the first
class is assigned even more edges and the second and third classes have concentrated
low degrees. With increasing ǫ, which implies increasing the code threshold, the global
convergence of the code gets worse and this affects the performance of all classes.
In the limit where the number of decoding iterations approaches infinity, the UEP
capability of the code itself theoretically should vanish. However, Fig. 4.9 shows that
for at least up to a maximum of 200 iterations, the UEP capability is not affected much
with an increasing number of iterations. The reason for this behaviour will be discussed
in Chapter 5.
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Results for 64-QAM

In this section, we give an example of a UEP-LDPC code designed for and used with
64-QAM. We design a code with the parameters n, k, R, Np , α, ρ, and dvmax as in
the previous section. 64-QAM yields three modulation classes of equal size, and thus,
Nm = 3 and β = [1/3, 1/3, 1/3]. Figure 4.10 shows the BER performance of protection
classes P 1 and P 2 of the 64-QAM HOC-UEP code compared to a UEP code designed
for BPSK, both with ǫ = 0.1 dB. The plot shows that for low SNR, the BERs of the
HOC-UEP scheme are worse but outperform the UEP scheme for an SNR higher than
approximately 1.7 dB. For a BER of 10−5 , HOC-UEP P 1 has an Eb /N0 gain of almost
1.5 dB compared to UEP P 1 .

1) Initialisation

(k)

dvmin = dvmax
failure = 1

2) While failure
a) Under the constraints [C1 ] − [C6 ], optimise
max
λ

[C1 ] Rate constraint

N
m
X

dvmax

X

kj

j=1

k

λP
Mj ,i

k

Np dvmax P
Nm X
X
X λMj ,i

j=1 k=1

(4.36)

i=2

i

i=2

=

1
1−R

dcmax

X ρi
i
i=2

(4.37)

[C2 ] Proportion distribution constraints
Np dvmax
N
m X
X
X

i)

j=1 k=1

k

λP
1=1
Mj ,i

(4.38)

i=2

ii) ∀k ∈{1, . . . , Np − 1},
N
m dvX
max
X

j=1

k

λP
Mj ,i
i

i=2

= αk

R
1−R

= βj

1
1−R

dcmax

X ρi
i
i=2

(4.39)

iii) ∀j ∈{1, . . . , Nm − 1},
k

Np dvmax P
X
X λMj ,i

k=1

i

i=2

dcmax

X ρi
i
i=2

(4.40)

[C3 ] Convergence constraint, see (4.22)
F (λ, ρ, σ2 , x) > x

(4.41)

[C4 ] Stability condition, see (4.34) and (4.35)
Np
N
m X
X

j=1 k=1

k
λP
Mj ,2

2

<4

Nm
X

βj e

−1/2σj2

dcmax

X

·

m=2

j=1

3−1

ρm (m − 1)5

(4.42)

[C5 ] Minimum variable node degree constraint
k

(k)

∀i < dvmin , ∀j : λP
=0
Mj ,i

(4.43)

[C6 ] Previous optimisation constraints
k′

∀k ′ < k, ∀j : λP
Mj
b) If valid degree distribution
failure = 0
else
(k)
(k)
dvmin = dvmin − 1
End (While)

is fixed

(4.44)
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Chapter 5

On the UEP Capabilities of
Several LDPC Construction
Algorithms
This chapter analyses the UEP capabilities of different well-known construction algorithms for the parity-check matrix of LDPC codes. We consider irregular UEP-LPDC
codes with degree distributions designed by the algorithm described in [PDF07] and
Chapter 4. Several publications apply different algorithms for obtaining irregular UEPLDPC codes. However, their results disagree. For example, [RPNF07] shows significant
UEP capabilities after 200 message-passing iterations, while [KM06] argues that no
UEP gradation can be detected for irregular UEP-LDPC codes after 50 iterations. In
this part of the thesis, the reasons behind the different results are explained by analysing
construction algorithms with respect to how the graph properties of the corresponding
codes affect the UEP capabilities.
Once a degree distribution is obtained, a parity-check matrix H has to be constructed
according to the degree profile. A random construction, following the approach of
[RSU01], was typically used a few years ago. However, several authors have suggested
construction algorithms with better BER performance, especially in the error-floor
region, mainly by avoiding small cycles in the Tanner graph. Many construction
algorithms, such as the approximate cycle extrinsic message degree (ACE) algorithm
[TJVW04], the progressive edge-growth (PEG) algorithm [HEA05], etc., have been
developed. We consider five different algorithms for the construction of the parity-
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check matrix. All of the obtained codes belong to the same code ensemble, i.e., they
have the same variable and check node degree distributions.
In this chapter we confirm by simulation that the design of an irregular variable
node degree distribution provides UEP capability for a low number of message-passing
iterations regardless of the underlying construction algorithm. However, the results
also show that the choice of the construction algorithm is critical when good UEP
properties are desired after a moderate or high number of iterations. Some algorithms
lose their UEP capabilities after already 10 iterations while others show UEP even after
1000 iterations. UEP after many iterations is important since this enables considerably
lower error rates than at a low number of iterations.
The chapter is organised as follows. Several construction algorithms are presented in
Section 5.1. In Section 5.2, we shortly describe the ensemble design and discuss performance results of the algorithms and their differences. Section 5.3 discusses properties
of parity-check matrices H which are relevant for the UEP behaviour. Furthermore, a
detailed check node degree distribution is introduced for specifying a detailed mutual
information evolution. In Section 5.4, we modify one of the construction algorithms to
enhance the UEP capability of the resulting code.

5.1

Construction Algorithms

In this section, we will describe the basic concepts of several well-known construction algorithms, such as random construction, the progressive edge-growth (PEG) algorithm,
zigzag construction, the approximate cycle extrinsic message degree (ACE) algorithm,
and an ACE-constrained PEG algorithm. For the sake of brevity, we only introduce the
algorithms. For details, the reader is referred to the references given in the respective
sections.

5.1.1

Random Construction

The random construction algorithm places the edges randomly in the graph, according
to the given variable node and check node degree distributions. We consider a random
construction where only length-4 cycles between degree-2 variable nodes are avoided.
The resulting Tanner graph has girth 4.
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Progressive Edge-Growth (PEG) Construction

The PEG algorithm is an efficient algorithm for the construction of parity-check matrices with large girth by progressively connecting variable nodes and check nodes
[HEA05]. Before connecting the variable nodes and check nodes, each node obtains
a number of empty sockets according to the degree distribution. Starting from the
variable nodes with the smallest number of sockets, edges are chosen according to an
edge selection procedure. The selection procedure aims at minimising the impact of each
new edge on the girth. This is done by expanding a tree from the current variable node
down to a certain depth. If possible, the algorithm connects the variable node to a check
node that is not yet reached at this depth of the tree. If all check nodes are reached,
the check node that will create the largest cycle through the current variable node is
selected. If several possible choices exist, a check node with the lowest check node degree
under the current graph setting is chosen. Finally, if there is more than one possible
lowest-degree check node left, one of them is chosen randomly. Thereby, the check node
degree distribution of the resulting Tanner graph is automatically as concentrated as
possible. This is shown in [RSU01] to be advantageous for good convergence.
Before summarising the algorithm, we define Nvli to be the set of check nodes which have
been reached by a tree of depth l, rooted at vi . Accordingly, N̄vli is the complementary
set and contains all check nodes which have not been reached by the tree.
On page 80, the PEG algorithm is summarised. The originally proposed algorithm
picks a check node from N̄vli with the lowest degree under the current graph setting
in order to make the check node degrees as concentrated as possible. In our case, the
algorithm instead contains a constraint on the check node selection procedure in order
to verify a desired check node degree distribution.

5.1.3

Zigzag Construction

The zigzag construction algorithm connects the edges of degree-two variable nodes in a
zigzag manner, according to [HEA01]. In principle, the part of the parity-check matrix
corresponding to the degree-two variable nodes will be bi-diagonal. This algorithm
avoids all cycles involving only variable nodes of degree two, assuming that the number
N2 of degree-two variable nodes is smaller than the number of check nodes, i.e.,
N2 < N − K. The remaining edges may be connected randomly in the same way as
described for the random algorithm (zigzag-random) or according to the PEG algorithm
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PEG algorithm
• Provide all nodes with a number of sockets according to the degree distributions.
• Sort the variable nodes with decreasing number of sockets.
• for i = N to 1
• for k = 1 to dvi
• if k == 1
connect the first edge randomly to a check node with the lowest degree
under the current graph setting.
• else (any edge other than the first)

• expand a tree from variable node vi up to depth l under the current
graph setting such that the cardinality of Nvli stops increasing but
= ∅.
is less than N − K, or N̄vli 6= ∅ but N̄vl+1
i
• mark those check nodes from the set N̄vli as candidates which do
not violate the intended check node degree distribution ρ̃(x).

• randomly pick a check node from the candidate list.

• end
• end
• end

(zigzag-PEG). The zigzag construction is of interest both due to the easy encoding,
that is the result of the almost diagonal shape of the part of the parity-check matrix
that corresponds to the parity bits, and the avoidance of cycles involving only degreetwo variable nodes, which have been shown to degrade the BER performance, see
[TJVW04].

5.1.4

Approximate Cycle Extrinsic Message Degree (ACE)
Construction

For finite block lengths, Tian et al. [TJVW04] proposed an efficient graph conditioning
algorithm called the approximate cycle extrinsic message degree (ACE) algorithm.
The aim of the ACE construction is to lower the error floor by emphasising both
the connectivity as well as the length of cycles. The ACE algorithm avoids small cycle
clusters that are isolated from the rest of the graph and is shown to lower the error-floors
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of irregular LDPC codes significantly, while only slightly degrading the performance in
the waterfall region. The algorithm is based on the extrinsic message degree (EMD) of
a variable node set.
Definition 5.1 (Extrinsic message degree (EMD))
An extrinsic check node of a variable node set V is a check node that is connected to
V by a single edge. The EMD of a variable node set is the number of extrinsic check
nodes of V.
In order to statistically increase the smallest stopping set size in the graph, the algorithm ensures that all cycles with less than a given length have an EMD greater than
a given value. If there are no variable nodes in a cycle that share common check nodes
P
outside the cycle, the EMD of this cycle is i (di − 2), where di is the degree of the ith
variable node in the cycle. In order to keep the EMD calculable, check node sharing is
neglected for all cycles.
Definition 5.2 (Approximate Cycle EMD (ACE))
P
The approximate cycle EMD (ACE) of a cycle is defined by i (di − 2), where di is the
degree of the ith variable node in the cycle.
Therewith, nn LDPC code with parameters (dACE , η) can be constructed, where all
cycles whose lengths are 2dACE or less have an ACE of at least η. The ACE algorithm
is an efficient Viterbi-like algorithm with linear complexity proposed to detect and avoid
harmful short cycles during code construction.
Given the variable node degree distribution λ(x), columns of the parity-check matrix
are generated one at a time starting from low-weight columns. The edges of every new
column are generated randomly and the ACE algorithm checks whether the (dACE , η)
requirement is met. If not, this column is generated again. This procedure is repeated
until the whole parity check matrix is generated. In our implementation, we add extra
constraints to construct a graph according to the given check node degree distribution
ρ(x).
The performance of highly irregular LDPC codes is of great interest when considering
irregular UEP-LDPC codes, since the UEP properties are obtained by assigning variable
nodes with high degree to the best protected class. However, with highly irregular
codes it is difficult to ensure a high girth. Therefore, the ACE algorithm is a suitable
algorithm for such codes.
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ACE algorithm
• Provide all nodes with a number of sockets according to the degree distributions.
• Sort the variable nodes with decreasing number of sockets.
• Define (dACE , η)
• for i = N to 1
• do
• mark those check nodes as candidates which do not violate the intended
check node degree distribution ρ̃(x).
• randomly connect the dvi edges to check nodes from the candidate list.

• check if constraint (dACE , η) is fulfilled under the current graph setting.
• while ACE constraint (dACE , η) is not fulfilled
• end

On page 82, the ACE algorithm is shown. Similar to the PEG algorithm on page 80,
our algorithm contains a constraint on the check node selection procedure in order to
verify a desired check node degree distribution.

5.1.5

PEG-ACE Construction

The PEG-ACE algorithm is a generalisation of the popular PEG algorithm, which is
shown to generate good LDPC codes with short and moderate block lengths having
large girth. In the PEG-ACE algorithm [VS08], the sequential methodology of the PEG
algorithm is employed with a modified check node selection procedure. If the creation of
cycles cannot be avoided while adding an edge, the PEG-ACE construction algorithm
chooses an edge that creates the longest possible cycle with the largest possible ACE
value. The algorithm constructs a code with the largest possible ACE constraints,
which is assumed to reduce the number of stopping sets significantly. As the PEG
algorithm, the PEG-ACE construction algorithm usually picks a check node among
its candidates which has the lowest check node degree. In the depicted algorithm on
page 83, we modify this by allowing only those check nodes as candidates which do not
violate the intended check node profile.
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PEG-ACE algorithm
• Provide all nodes with a number of sockets according to the degree distributions
• Sort the variable nodes with decreasing number of sockets
• for i = N to 1
• for k = 1 to dvi
• if k == 1
connect the first edge randomly to a check node with the lowest degree
under the current graph setting
• else

• expand a tree from variable node vi up to depth l under the current
graph setting such that the cardinality of Nvli stops increasing but
= ∅,
is less than N − K, or N̄vli 6= ∅ but N̄vl+1
i
• mark those check nodes from the set N̄vli as candidates which do
not violate the intended check node degree distribution ρ̃(x).

• If the candidate list contains more than one survivor, choose the
one with the maximum dACE value.
• end
• end
• end

5.2
5.2.1

Simulation Results
Ensemble Design

We consider the UEP-LDPC ensemble design proposed in [PDF07], which is based on
a hierarchical optimisation of the variable node degree distribution for each protection
class. The algorithm maximises the average variable node degree within one class at
a time while guaranteeing a minimum variable node degree as high as possible. The
optimisation can be stated as a linear programming problem and can, thus, be easily
solved. To keep the overall performance of the UEP-LDPC code reasonably good, the
search for UEP codes is limited to degree distributions whose convergence thresholds lie
within a certain range ǫ of the minimum threshold of a code with the same parameters.
We fix ǫ to 0.1 dB, which is shown in [PDF07] to give a good trade-off between the
performances of the protection classes.

84

5.2. SIMULATION RESULTS

The UEP-LDPC ensemble design algorithm is initialised with a maximum variable
node degree dvmax , the code rate R, and a check node degree distribution. The bits
of the codeword are divided into protection classes P j according to their protection
requirements. We design a UEP-LDPC code with Np = 3 protection classes with rate
1/2, dvmax = 30, and ρ(x) = 0.00749 x7 + 0.99101 x8 + 0.00150 x9 , which is found by
numerical optimisation in [RSU01] to be a good check node degree distribution for
dvmax = 30. The proportions of the classes are chosen such that P 1 contains 20% of the
information bits and P 2 contains 80%. The third class (P 3 ) contains all parity bits.
Therefore, we are mainly interested in the performances of classes P 1 and P 2 . The
(P j )
resulting variable node degree distribution is defined by the coefficients λi
which
denote the fractions of edges incident to degree-i variable nodes of protection class P j .
PNp Pdvmax (P j ) i−1
The overall degree distribution is therewith given by λ(x) = j=1
λi x .
i=2
Table 5.1 summarises the optimised variable node degree distribution for the resulting
UEP-LDPC code.
Table 5.1: Variable node degree distribution of the UEP-LDPC ensemble.

(P 1 )

λ18

(P 1 )

λ19

(P 1 )

λ30

5.2.2

P1
= 0.2521
= 0.0965

(P 2 )

λ3

(P 2 )

λ4

P2
= 0.0786
= 0.2511

(P 3 )

λ2

(P 3 )

λ3

P3
= 0.2130
= 0.0141

= 0.0946

Performance Comparison

UEP-LDPC codes with length N = 4096 are constructed using the construction algorithms described in Section 5.1. All codes belong to the ensemble described above. From
each construction algorithm, we consider one code realisation in the following. The
differences between several code realisations constructed with the same construction
algorithm are small. We present simulation results for BPSK transmission over the
AWGN channel as a function of Eb /N0 . Note that the information contained in the
plots in independent of wether the SNR is given in Eb /N0 or Es /N0 , since all codes
have the same code rates. Figure 5.1 shows the BER for the random and ACE code
after 100 decoder iterations. They both show good UEP properties, but the ACE code
outperforms the random code for P 2 and P 3 . We also see that the ACE code has
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Figure 5.1: BER of the random code and the ACE code as a function of Eb /N0
after 100 iterations.

a lower error-floor than the random code. Figure 5.2 shows the BER for the zigzagrandom and PEG-ACE code after 100 decoder iterations. The zigzag-random code
shows moderate UEP capabilities, while the PEG-ACE code shows very little UEP.
Simulation results for the PEG code and the zigzag-PEG code are omitted here since
they show almost exactly the same performance and UEP capability as the PEGACE code. For simplicity, we will summarise the construction algorithms into the
following two groups: non-UEP algorithms and UEP-capable algorithms. The non-UEP
construction algorithms are the PEG, the zigzag-PEG, and the PEG-ACE construction.
The UEP-capable construction algorithms are the random, the ACE, and the zigzagrandom construction.
For standard code design, i.e., without UEP, the PEG-ACE construction has been
shown to lower the error-floor while the loss in the waterfall-region is minimal [VS08].
The results in Fig. 5.2 show the same behaviour. Remarkably, the PEG-ACE code
shows almost no difference in performance between the classes. The PEG-ACE con-
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Figure 5.2: BER of the zigzag-random code and the PEG-ACE code as a
function of Eb /N0 after 100 iterations.

struction does not lower the error-floors of all classes compared to the random construction as may be expected, but it removes the UEP capability by improving C 2 and P 3
while degrading P 1 . Also, the loss in the waterfall-region is slightly higher than shown
for the standard code design, while the gain in the error-floor region is substantial since
all classes have low error floors.
Figure 5.3 shows the BER as a function of the number of decoder iterations at
Eb /N0 = 1.25 dB for one UEP-capable code and one non-UEP code, that is, the ACE
and the PEG-ACE code. The other algorithms in both groups show similar results,
corresponding to the respective group. Both groups have similar performance for
the first 10 iterations where there is a significant difference in BER between P 1 and
P 2 . However, limiting the number of iterations to less than 10 would cause a huge
performance loss. For a high number of iterations, it is seen that the PEG-ACE code
has almost no UEP. For low Eb /N0 , all classes of the PEG-ACE code perform fairly
badly compared to the other codes, see Fig. 5.2. However, in the error-floor region, P 2
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Figure 5.3: BER as a function of the number of decoder iterations for the ACE
and the PEG-ACE code at Eb /N0 = 1.25 dB.

and P 3 of the PEG-ACE code have much lower error rates than the other codes.
The results presented in this section suggest the use of the PEG-ACE code for high
Eb /N0 . At Eb /N0 = 1.6 dB, all classes of PEG-ACE have the same performance as the
best class of ACE. Good performance of all classes is of course even better than UEP
capability with only good performance of the most protected class. However, for low
Eb /N0 , the PEG-ACE code performs badly and the ACE code with UEP capability is
a better choice.

5.3

Relevant Graph Properties

In this section, we present properties of the Tanner graph which are relevant for the
UEP behaviour of the code. These properties concern the connectivities between
variable nodes of different protection classes. It should also be mentioned that the
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UEP capability is mainly independent of finite-length issues. We investigated cycles
and trapping sets and found differences between the algorithms. However, later results
will show that there is no direct connection between cycles and the UEP capability.
To compare the algorithms in terms of cycles we count the cycles encountered from
each variable node and sum over all variable nodes in the class. This means that each
cycle will be counted twice the number of involved variable node. For example, a
length-4 cycle that involves two class P 1 variable nodes will be counted twice for that
class. If it involves two variable nodes of different protection classes, it will be counted
once in each class. A more accurate counting would implicate computationally complex
counting algorithms. Since cycles will turn out not to be a crucial matter for UEP, we
claim this method to be appropriate for a rough estimation. Table 5.3 gives the number
of cycles of lengths 4 and 6 that involve at least one variable node from the respective
class.
Table 5.2: The number of cycles of length 4 and 6 involving at least
one variable node from the respective class.

Length 4
Random
ACE
Zigzag-random
PEG
PEG-ACE

P1

4 909
3 582
2 020
0
0

P2

37
236
0
0
0

Length 6
P3

10
48
0
0
0

P1

196
183
195
119
115

594
279
297
226
892

P2

35
31
19
18
10

143
065
683
874
698

P3

17
11
12
5

463
516
535
203
943

The table shows that the UEP-capable codes (random, ACE and zigzag-random)
contain many cycles of length 4 in P 1 and very few in the other classes. The nonUEP codes all have girth 6 and thus contain no cycles of length 4. Interestingly, the
cycles in P 1 do not seem to affect the performance of P 1 much, since the BERs of
P 1 for the UEP-capable codes are still lower than for the non-UEP codes. This is
in agreement with the observations in [TJVW04] that only isolated short cycles are
harmful. Since the degrees of variable nodes in P 1 are relatively high, the cycles in P 1
are not isolated but have high ACE values. On the other hand, short cycles facilitate
the existence of trapping sets in a graph. Trapping sets have been shown to govern the
error-floor performance of LDPC codes [Ric03]. The number of cycles is therefore of
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importance for the error-floor performance.

5.3.1

Connectivity Between Protection Classes

Since the degree distributions λ(x) and ρ(x) are equal for all codes, we investigate how
the variable nodes of different protection classes are connected through the check nodes.
It is especially interesting to see how the incident variable nodes of a check node are
spread between the classes. Let us consider a certain check node and how the edges of
this check node are connected to the protection classes. We investigate if the edges are
uniformly distributed to the protection classes or if a majority of edges is connected to
a certain protection class.
Generally, a check node degree distribution may be defined from the node’s perspective
as
dcmax
X
ρ̃i xi−1 .
ρ̃(x) =
i=2

The coefficients ρ̃i correspond to the fraction of degree-i check nodes. In order to
account for connections to different protection classes, we define detailed check node
degree distributions for the protection classes C j ,

j

ρ̃(P ) (x) =

dcmax

X

(P j ) i−1

ρ̃i

x

,

i = 1 . . . Np .

(5.1)

i=0

(P j )

The coefficients ρ̃i
correspond to the fraction of check nodes with i edges connected
j
to class-P variables nodes. Note that i is not the overall degree of the check nodes but
only the number of edges which are connected to class-P j variable nodes. For example,
(P 1 )
ρ̃4
is the number of all check nodes with exactly 4 edges connected to P 1 , divided by
N − K, where the remaining edges of these check nodes may be arbitrarily connected to
Pdcmax (P j )
the other classes. By definition we have i=0
ρ̃i
= 1, j = 1, . . . , Np . This detailed
check node degree distribution is similar to the detailed representation described in
[KSS03b], but we consider the degree distribution from the node’s perspective while
[KSS03b] considers the edge’s perspective. The representation in [KSS03b] is also more
detailed than necessary for our purpose, since it defines connections to nodes of certain
degrees instead of certain protection classes. Table 5.3 presents the coefficients of the
detailed check node degree distributions for the ACE, the zigzag-random, and the PEGACE code. Note that the maximum check node degree of the whole code is dcmax = 10.
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Most of the coefficients of the ACE code are non-zero for all three protection classes,
while the PEG-ACE code has only a few non-zero coefficients. That is, the PEG-ACE
code only has a few different types of check nodes, and the numbers of connections
to the protection classes are very similar for all nodes: The PEG-ACE coefficients
(P 1 )
(P 2 )
(P 3 )
ρ̃4 , ρ̃3 , and ρ̃2
are all large, which shows that most check nodes have 4 edges
1
connected to P , 3 edges to P 2 , and 2 edges to P 3 . This means that the variable nodes
of a protection class are generally well connected to other protection classes through
the check nodes. In contrast, the ACE code exhibits many different kinds of check
nodes. Some of the check nodes are mainly connected to one protection class, having
only one or two edges going to other protection classes. There even exist check nodes
having 10 edges to protection class P 3 , which means that they are solely connected to
this class. This property seems to be important for the capability of providing UEP.
With more non-zero coefficients the classes are more isolated and the propagation of
messages between the classes will be slower. If most check nodes have several edges
to all protection classes, reliable and unreliable messages from different classes may
proceed to other classes more easily and affect their performance.
The detailed check node degree distributions of the zigzag-random code have few nonzero coefficients for P 3 , while the distributions for P 1 and P 2 are similar to the ACE
code. Many check nodes have two edges connected to P 3 , while the connectivities to
the other classes vary. The connectivity between the classes is therefore higher than
for the ACE code, but lower than for the PEG-ACE code. This agrees with the UEP
capabilities, since the zigzag-random code shows less UEP than the ACE code and more
than the PEG-ACE code. The detailed distributions of the other codes are omitted
here since the distribution of the random code is very similar to that of the ACE code
and all non-UEP codes have almost the same detailed check node degree distributions.
In order to visualise the observations, Fig. 5.4 shows the detailed check node degree
distributions of the ACE, the zigzag-random, and the PEG-ACE code.

ACE
(P j )

ρ̃0

(P j )
ρ̃1
(P j )
ρ̃2
(P j )
ρ̃3
(P j )
ρ̃4
(P j )
ρ̃5
(P j )
ρ̃6
(P j )
ρ̃7
(P j )
ρ̃8
(P j )
ρ̃9
(P j )
ρ̃10

Zigzag-random

PEG-ACE

P1

P2

C3

P1

P2

P3

P1

P2

P3

0.04102

0.02588

0

0.04248

0.06152

0

0

0

0

0.05273

0.12158

0.48193

0.05664

0.14258

0.04199

0

0.00537

0

0.10742

0.23584

0.24268

0.10889

0.23193

0.87842

0.00049

0.12109

0.95752

0.14795

0.27686

0.14648

0.14746

0.22363

0.07568

0.10498

0.77832

0.04248

0.23926

0.21289

0.06445

0.21240

0.14258

0.00342

0.79980

0.09473

0

0.21094

0.08594

0.03516

0.23145

0.10693

0.00049

0.09424

0.00049

0

0.14453

0.03027

0.01611

0.14258

0.05664

0

0.00049

0

0

0.05029

0.00879

0.00537

0.05566

0.03174

0

0

0

0

0.00586

0.00195

0.00391

0.00244

0.00244

0

0

0

0

0

0

0.00293

0

0

0

0

0

0

0

0

0.00098

0

0

0

0

0

0
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Table 5.3: Detailed check node degree distributions.
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Figure 5.4: Detailed check node degree distributions of the ACE, the zigzag-random,
and the PEG-ACE code.

5.3.2

Detailed Mutual Information Evolution

The effect of the connectivity between the classes on the performance may be analysed
by calculating the mutual information (MI) functions of the different codes. By calculating the theoretical MI functions, the effect of connectivity is isolated from effects
due to cycles, trapping sets, and codeword length, since the calculation is based on
the corresponding cycle-free graph. Typically, the MI functions are calculated from the
degree distributions λ(x) and ρ(x) of a code. However, in our case all codes have the
same overall degree distributions λ(x) and ρ(x). To observe the differences between the
algorithms, a detailed computation of MI may be performed by considering the edgebased MI messages traversing the graph instead of node-based averages. This has been
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done for protographs in [LC07]. We follow the same approach, but use the parity-check
matrix instead of the protograph base matrix. See [tB01b, tBKA04] for more details
on MI analysis.
Let Iav be the a priori MI between one input message and the codeword bit associated
to the variable node. Iev is the extrinsic MI between one output message and the
codeword bit. Similarly on the check node side, we define Iac (Iec ) to be the a priori
(extrinsic) MI between one check node input (output) message and the codeword bit
corresponding to the variable node providing (receiving) the message. The evolution
is initialised by the MI between one received message and the corresponding codeword
bit, denoted by Ich , which corresponds to the channel capacity. For the AWGN channel
and with (1.51), it is given by Ich = J(σch ). From (1.39), we know that the mean of the
Gaussian random variable Lch is µch = 4Es /N0 = 4REb /N0 . For symmetric Gaussian
densities, we have
2
σch
= 2 · µch = 8R

Eb
.
N0

(5.2)

Similar to (4.9) and (4.11), for a degree-dv variable node, the extrinsic MI between the
sth output message and the corresponding codeword bit is [LC07]

Iev|s

v

u dv
u X
[J −1 (Iav|l )]2 + [J −1 (Ich )]2  ,
= J t

(5.3)

l=1,l6=s

where Iav|l is the a priori MI of the message received by the variable node on its lth
edge. The extrinsic MI for a check node with degree dc may be written as

Iec|s


v
u dc
u X
[J −1 (1 − Iac|l )]2  ,
= 1 − J t

(5.4)

l=1,l6=s

where Iac|l is the a priori MI of the message received by the check node on its lth edge.
Note that the MI functions are subject to the Gaussian approximation (see [CRU01])
and are not exact.
The following algorithm describes the MI analysis of a given parity-check matrix. We
denote element (i, j) of the parity-check matrix by hi,j .
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Detailed mutual information evolution
1) Initialisation
Ich = J(σch )
2) Variable-to-check update, extrinsic mutual information
a) For i = 1, . . . , N − K and j = 1, . . . , N , if hi,j = 1, calculate


s X
Iev (i, j) = J 
[J −1 (Iav (s, j))]2 + (J −1 (Ich ))2  ,
∈
s Ci ,s6=i

(5.5)

where Ci is the set of check nodes incident to variable node i.

b) If hi,j = 0, Iev (i, j) = 0.
c) For i = 1, . . . , N − K and j = 1, . . . , N , set Iac (i, j) = Iev (i, j).
3) Check-to-variable update, extrinsic mutual information
a) For i = 1, . . . , N − K and j = 1, . . . , N , if hi,j = 1, calculate


s X
[J −1 (1 − Iac (i, s))]2  ,
Iec (i, j) = 1 − J 
s∈Vj ,s6=j

(5.6)

where Vj is the set of variable nodes incident to check node j.

b) If hi,j = 0, Iec (i, j) = 0.
c) For i = 1, . . . , N − K and j = 1, . . . , N , set Iav (i, j) = Iec (i, j).
4) A posteriori check node mutual information
For i = 1, . . . , N − K, calculate


sX
[J −1 (1 − Iac (i, s))]2  .
Iappc (i) = 1 − J 
s∈Vj
5) A posteriori variable node mutual information
For j = 1, . . . , N , calculate


sX
Iappv (j) = J 
[J −1 (Iav (s, j))]2 + [J −1 (Ich )]2  .
s∈Cj
6) Repeat 2)-5) until Iappv = 1 for j = 1, . . . , N .

(5.7)

(5.8)
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Note that for the message updates under 2) and 3), generally all incoming edges except
that of the outgoing message are considered since the messages are extrinsic. The final
estimate of the decoder is based on the a posteriori mutual information which involves
all incoming edges. The a posteriori MI of the check nodes Iappc at Eb /N0 = 0.7 dB is
shown in Fig. 5.5 for the ACE and PEG-ACE code. An average Iappc of each class is
calculated as an average Iappc of all edges incident to variable nodes of the corresponding
class. The figure shows that the average Iappc of all classes are almost equal for the
PEG-ACE code, while they differ for the ACE code. This behaviour may be explained
by (5.7) and the connections of the check nodes to the different protection classes
described by the detailed check node degree distributions in Table 5.3.
For the PEG-ACE code, almost all check nodes are connected to 4 variable nodes from
P 1 , 3 variable nodes from P 2 , and 2 variable nodes from P 3 . Even if the extrinsic
information from the variable nodes (Iev = Iac ) differs (due to the irregular variable
node degree distribution), almost all check nodes combine the same number of nodes
from each class. This gives almost equal Iec for all check nodes according to (5.7),
which means that the performance of different classes will be averaged over the whole
codeword in this step.
By contrast, the number of variable nodes from different classes that are connected to
a check node differs much more for the ACE code. This allows for having some check
nodes with higher MI than others and the difference in MI of the check nodes will
increase the UEP capability of the code.
Remember that for all codes we consider here, there will be some UEP capability
strictly depending on the irregularity of the LDPC code. In the first iteration, all Iec
will be almost equal (due to the concentrated check node degree distribution) and the
only difference in Iappv between the classes will depend on the variable node degrees.
Figure 5.6 shows the variable node a posteriori MI Iappv over the number of iterations.
It is shown in [tB01b] that small differences in MI may lead to significant differences
in BER for MI values near to 1. Therefore, the figure shows the distance of the MI to
its maximum value, i.e., 1 − Iappv , on a logarithmic scale.
The figure shows that the convergence speeds of the protection classes are farther apart
for the ACE algorithm. Protection class P 1 of the ACE code converges faster than that
of the PEG-ACE code, while the other classes take more iterations to converge for the
ACE code than for the PEG-ACE code. Theoretically, even if the MI approaches 1
very closely, there are still small differences between the classes which lead to UEP. The
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5.3. RELEVANT GRAPH PROPERTIES
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Figure 5.5: Check node a posteriori MI as a function of the number of decoder
iterations at Eb /N0 = 0.7 dB.

actual amount of UEP depends on the convergence speeds of the classes [PDF07]. In
practice, the accuracy is limited by the numerical precision of the computations and,
for example, approximations of the J-function. However, using the approximation of
the error probability based on mutual information from [tB01b]
q

Eb
−1 (I )2 + J −1 (I )2
8R N
+
J
av
ev
1
0
 ,
√
Pb ≈ erfc 
(5.9)
2
2 2

the error probabilities of the protection classes may be estimated. Note that the results
are not exact for finite-length codes and become more inexact with lower error rates.
Nevertheless, we observe significant differences in BER between the classes if their MI
values are close to 1 and only differ in the fifth decimal position.

The above discussion shows that the connectivity of the protection classes, defined by
the detailed check node degree distribution in Table 5.3 plays an important role to the
UEP capability. However, in comparing the theoretical MI from above with the true
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Figure 5.6: Distance of variable node a posteriori MI to the maximum MI as a
function of the number of decoder iterations at Eb /N0 = 0.7 dB.

values obtained by measuring the actual decoding LLRs, we observe deviations. The
measured MI values are lower than the theoretical ones which is due to finite-length
issues such as cycles and trapping sets. Nevertheless, the UEP properties are valid for
both theoretical and measured observations.

5.4

Modified PEG-ACE Construction with Increased UEP
Capability

The above sections discussed the connectivity of check nodes to the protection classes
and differences between the UEP codes and the non-UEP codes were found. In order
to verify that the presented argument indeed is the reason for the differences in UEP
capability, we modify the (non-UEP) PEG-ACE construction algorithm to yield codes
with a similar detailed check node degree distribution as the UEP-capable ACE code.
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Modified PEG-ACE algorithm
• Provide all nodes with a number of sockets according to the degree distributions
• Sort the variable nodes with decreasing number of sockets
• for i = N to 1
• for k = 1 to dvi
• if k == 1
connect the first edge randomly to a check node with the lowest degree
under the current graph setting
• else

• expand a tree from variable node vi up to depth l under the current
graph setting such that the cardinality of Nvli stops increasing but
= ∅,
is less than N − K, or N̄vli 6= ∅ but N̄vl+1
i
• mark those check nodes from the set N̄vli as candidates which do
i
not violate the intended check node degree distribution ρ̃(P ) (x),
i = 1 . . . Np .

• If the candidate list contains more than one survivor, choose the
one with the maximum dACE value.
• end
• end
• end

The algorithm is modified in such a way that it only allows check nodes for the candidate
j
list which do not violate certain detailed check node degree distributions ρ̃(P ) (x).
Thereby, the parity-check matrix is forced to have detailed check node profiles similar
to the ACE code instead of its natural distribution.
By doing so, the detailed check node degree distribution given in Table 5.4 is obtained.
Notice that this is very similar to the detailed distributions of the ACE code given in
Table 5.3.
Fig. 5.7 shows the BER of the modified PEG-ACE code in comparison to the original
PEG-ACE code. It shows that by changing the detailed check node degree distribution
of the original PEG-ACE algorithm, it is possible to enhance its UEP capability
significantly. Instead of equal error rates for all classes, the modification has improved
the BER of P 1 , while slightly degrading P 2 and P 3 . Compared to the ACE algorithm,
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Table 5.4: Detailed check node degree distribution of
the modified PEG-ACE code.

Modified PEG-ACE
(P j )

ρ̃0

(P j )
ρ̃1
(P j )
ρ̃2
(P j )
ρ̃3
(P j )
ρ̃4
(P j )
ρ̃5
(P j )
ρ̃6
(P j )
ρ̃7
(P j )
ρ̃8
(P j )
ρ̃9
(P j )
ρ̃10

P1

P2

P3

0

0.03711

0

0.03662

0.15137

0.48291

0.17529

0.23340

0.22510

0.16211

0.25098

0.14648

0.24707

0.16650

0.05908

0.20020

0.07666

0.08496

0.12939

0.05078

0.00146

0.04443

0.02686

0

0.00488

0.00635

0

0

0

0

0

0

0

the modified PEG-ACE even shows more UEP capability, since the performance of
P 1 is better for the PEG-ACE code while P 2 and P 3 perform worse. Furthermore, it
should be mentioned that the modified PEG-ACE code is even capable of increasing the
differences in BER between P 2 and P 3 compared to the UEP-capable codes presented
in Section 5.1.
These results are meant to further support the above discussion that the differences
in UEP capability between different LDPC construction algorithms are due to the
connectivity between the classes, that is, the detailed check node degree distribution.
The modified PEG-ACE code has girth 6. Counting the cycles as in Section 5.3 yields
177 122 cycles involving at least one variable node from P 1 , 8 931 cycles in P 2 and 838
cycles in P 3 . The numbers of cycles in the modified PEG-ACE graph are similar to the
number of cycles in the PEG-ACE graph. Still the two algorithms have totally different
UEP behaviour. These results suggest that cycles do not affect the UEP capability.
With the modified PEG-ACE algorithm, it is possible to enhance the UEP capability
of a code by modifying its detailed check node degree distribution. Optimisation of the
detailed check node degree distribution is outside the scope of this work. However, the
detailed check node degree distribution may be used as a tool to move between codes
with good UEP capability but lower overall performance and codes with good overall
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Figure 5.7: BER of the modified PEG-ACE code in comparison to the original PEG-ACE
code. The modification of the PEG-ACE code has increased its UEP capability
significantly.

performance but less UEP capability.
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Chapter 6

Summary and Outlook
In this thesis, several approaches for obtaining unequal error protection with modern
and efficient coding schemes have been investigated and developed. We have improved
existing techniques as well as developed new approaches in order to enable efficient
transmission of multimedia data.
We introduced an efficient and flexible construction method for unequal error protection
convolutional codes and Turbo codes. Instead of puncturing code bits, information bits
are fixed. Besides its flexibility in terms of rate compatibility and rate choices, it may
increase the free distance, exceeding the one of the mother code if designed properly.
Furthermore, we propose an optimisation strategy for maximising the free distance of
the pruned code for a given code rate, or maximising the code rate for a given free
distance and list tables of good pruning patterns as results of an exhaustive computer
search.
Further research in this area might be the investigation of combined pruning and
puncturing and the effects on the distance properties of a code. Furthermore, the
exact impact of pruning on the mutual information may be investigated, especially the
evolution of the extrinsic information due to increased a-priori information.
From the pruning approach, we derived hybrid code concatenations, consisting of a
mixed serial and parallel concatenation. The decoder scheduling of such a concatenation
is an interesting task. We developed multiple EXIT charts for the visualisation of the
decoding process and used them for the optimisation of the decoder scheduling such
that a minimum number of decoding iterations is needed.
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An open problem regarding the decoder scheduling is the exact relation of certain
mutual information values. Certainly, information combining may be a helpful tool for
a deeper analysis.
Furthermore, we designed an unequal error protection multilevel coding scheme where
the waterfall regions of the different protection levels can directly be chosen by trading
the code rates of the partitioning levels. By varying the code rates at the levels, it
is possible to generate controllable, individual operating points at each level. The
application of non-uniform signal constellations further improves the flexibility of the
design compared to standard signal constellations. When dealing with progressively
encoded source files, truncating least important information bits makes the approach
even more flexible, which is a common approach in the context of scalable data processing. Therewith, we have designed a flexible and very easy-to-control UEP-MLC
scheme.
This topic still offers interesting research regarding the optimisation of the individual
operating points. Depending on the source encoding algorithm, the performance may
vary significantly and the individual operating points should be traded carefully. The
results obtained in this thesis were based on intuition. However, there might be ways to
optimise the strategy based on more detailed information or requirements from higher
protocol layers. Also, non-uniform signal constellations and the code rate design could
be jointly optimised.
Moreover, the thesis contains a flexible design method for UEP-LDPC codes with
higher order constellations which is applicable to arbitrary signal constellations and
an arbitrary number and proportions of the protection classes. For an example with
8-PSK, it is shown that the overall BER is reduced by the proposed method and there
is a gain of 0.7 dB at a BER of 10−4 compared to using the UEP-LDPC codes designed
for BPSK. An example with 64-QAM yields an even higher gain. The UEP capability
is increased compared to standard UEP-LDPC codes. The proposed code design is
also compared to a design method for higher order constellations without UEP and it
is shown that the two methods have similar overall BER even though the presented
scheme provides a protection class with BER significantly lower than the overall BER.
One open problem regarding this topic is the control of UEP by sacrificing overall
performance through a distance of the design threshold to the minimum threshold for
given code parameters, also called threshold offset. Clearly, there is a trade-off between
the performance and the amount of UEP, which depends on the threshold offset. On
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the one hand, if the offset is chosen too small, the amount of UEP may not be sufficient.
On the other hand, if the offset is chosen too large, the overall performance of the code
will decrease which may not be desirable, either. An analysis on the influence of the
offset on the results is still open, which is connected to optimisation theory.
Lastly, we discussed the UEP properties of parity-check matrices constructed with
different existing algorithms, i.e., the random, the ACE, the PEG, the Zigzag, and
the PEG-ACE construction algorithm. It turned out that these algorithms produce
matrices with significant differences in the capabilities of providing unequal error protection. We show that the connectivities between variable nodes from different protection
classes is crucial to the UEP performance. The relevant properties of the parity-check
matrix can be analysed by a detailed check node degree distribution which confirms the
theory and helps designing an improved algorithm with better UEP properties. The
observations in this chapter are not only relevant for the analysis and improvement of
UEP properties of a code but may be generally interesting when considering differences
between the behaviours of several construction algorithms.
In general, the research on UEP still offers many open issues. One of the main problems
is, however, not the design of a specific system, but the interaction between the physical
layer and higher protocol layers. The problem of how to transfrom perceptive quality
requirements into well-defined features of a communication system has not been solved,
yet. Up to now, it is not clear how the relations and requirements of different protection
classes should be chosen. Results so far have usually been based on intuitive guesses
rather than well-defined theory.
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Appendix A

List of Good Pruning Patterns
for Convolutional Codes
This appendix contains lists of good codes with constraint lengths Lc = 3, Lc = 4, and
Lc = 5, and rate-1/2 convolutional mother code. Given are the code rates RCC and
RT C of the corresponding convolutional and Turbo code, the pruning pattern, the SNR
(dB) where the Turbo codes converge, the offset δ from the Shannon limit (dB) for the
corresponding code rate, the area between the EXIT curves, and the free distance of
the convolutional code df ree,CC .
In the tables, a p represents a pruned position, whereas at a position marked with ·

Table A.1: Generator matrix G(D) = 1 D2 /(1 + D + D2 ) , Lc = 3.
RCC

RT C

0.5

0.333

0.417

0.278

0.4

0.267

0.333

0.222

0.2

0.133

0.167

0.111

pruning pattern





p


p

p

· · · · ·

p · · · ·
p · ·

p

p
p

p
p ·

δ [dB]

area

df ree,CC

-3.73

1.35

0.25

4



-4.24

1.84

0.255

4

-4.27

2.05

0.263

4



-4.76

3.12

0.258

4

-8.53

1.47

0.257

6



-8.78

2.14

0.266

6

· ·

· ·
p ·

Es /N0 [dB]
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Table A.2: Generator matrix G(D) = 1 (D + D3 )/(1 + D + D2 ) , Lc = 4.
RCC

RT C

0.5

0.333

0.417

0.278

0.4

0.267

0.333

0.222

0.3

0.2

0.3

0.2

0.2

0.133

0.167

0.111

pruning pattern






p


· · · · ·

p · · · ·

δ [dB]

area

df ree,CC

-4.73

0.35

0.077

5



-6.04

0.05

0.168

5

-5.87

0.46

0.123

5



-7.16

0.767

0.219

5

-7

0.92

0.194

6

-7

0.92

0.183

6

-9.13

0.87

0.226

7

-9.37

1.547

0.236

8

· ·

p p · · ·


p · p · ·


p p p · ·
p


p · ·

Es /N0 [dB]

· p

p

p

p ·




Table A.3: Generator matrix G(D) = 1 (1 + D + D4 )/(1 + D2 ) , Lc = 5.
RCC

RT C

0.5

0.333

0.417

0.278

0.4

0.267

0.375

0.25

0.333

0.222

0.3

0.2

0.25

0.167

0.2

0.133

0.167

0.111

0.1

0.067

pruning pattern







· · · · ·

p · · · ·


p · · ·

p




· ·

p p · · ·


p p · ·


p p p · ·
p


p


p · ·



p

p

· ·

p p ·

p p

p



Es /N0 [dB]

δ [dB]

area

df ree,CC

-4.73

0.35

0.086

5

-5.64

0.44

0.228

5

-5.07

1.26

0.2

5

-5.2

1.63

0.201

5

-6.76

1.167

0.263

5

-5.80

2.12

0.202

5

-6.27

2.4

0.248

8

-6.73

3.27

0.306

8

-7.18

3.74

0.354

9

-8.47

5.36

0.412
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Appendix B

Decoder Scheduling of Hybrid
Turbo Codes
In this appendix, we present an analysis of the decoding process of hybrid concatenated
codes. The decoding is more complicated than of parallel or serial concatenations and
is a combination of both. However, it is not clear in which order the decoders of the
component codes have to be activated to achieve maximum possible mutual information
or minimum decoding complexity. We will call these hybrid concatenated codes with
interleavers and Turbo-decoding hybrid Turbo codes.
We first describe the system model of the encoding and decoding of hybrid concatenated
codes, and the correct arrangement of all single decoders will be shown. Afterwards, we
present a detailed description of the information extraction and processing between all
component decoders. Moreover, we discuss the optimisation issues and a description
of the scheduling optimisation obtained by multiple EXIT charts.

System Model
A hybrid concatenation is defined by a combination of a parallel and a serial concatenation, i.e., a parallel concatenation of serial concatenated codes. Figure B.1 presents
a simple example with two parallel branches with two serial concatenated component
codes each. The parallel branches as well as the serial concatenated component codes
are each separated by interleavers of appropriate size. In this example, the outer codes
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are of rate R11 = R21 = 1/2 and the inner code rates are R12 = R22 = 2/3.

u

x′1

x1

u1

Π s1

G11

G12



Πp
u2

x′2

x2

G21

Π s2


c1,1


c1 =  c1,2 
c1,3


G22


c2,1


c2 =  c2,2 
c2,3

Figure B.1: Encoder structure of a hybrid concatenated code with interleavers.

In the following, all component codes are assumed to be recursive systematic convolutional (RSC) codes. We define the interleavers in the upper and lower branch, Πs1 and
Πs2 , not to mix their upper and lower input bit streams, such that the whole hybrid
Turbo code is systematic and the information bits only have to be transmitted once.
The coded bit stream is composed as follows
c =

c1,1 (1) c1,2 (1) c1,3 (1) c2,2 (1) c2,3 (1)

c1,1 (2) c1,2 (2) c1,3 (2) c2,2 (2) c2,3 (2) . . . ,

where c1,1 (1) = u(1), c1,1 (2) = u(2), and so on. The decoding structure of such a hybrid
Turbo codes is complicated and represents a combination of the decoding structures of
parallel and serial concatenations. Thus, we will first present the decoding structures
of these simple concatenations and later explain how to combine them.
For the parallel concatenation with two component encoders and an interleaver Πp in
between, we define the information sequence of the whole encoder to be u and the
information sequences of the component encoders as u1 = u and u2 = Πp (u). The
respective coded sequences are called c1 and c2 . As component decoders, we use APP
decoders (a-posteriori probability, e.g., BCJR, Log-MAP) which have two inputs and
two outputs in form of log-likelihood ratios (L-values). In Figures B.2 and B.3, these
decoders are represented by boxes with two inputs on the left and two outputs on
the right. The decoders of the parallel concatenation receive information from the
channel, called intrinsic information. This intrinsic information can be interpreted
as a-priori information concerning the coded bit stream and is, thus, called La (ĉi )
(upper input). The second (lower) input represents the a-priori information concerning
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intrinsic

intrinsic

L(û)

upper APP
La (ĉ1 )

L(ĉ1 )

La (û1 )

L(û1 )

lower APP

Πp

La (ĉ2 )

L(ĉ2 )

La (û2 )

L(û2 )

Π−1
p
Figure B.2: Decoder structure of a parallel concatenated code with an interleaver.

the uncoded bit stream, denoted by La (ûi ). Accordingly, the decoder outputs two loglikelihood ratios corresponding to the estimated coded (upper output) and the uncoded
information (lower output) bit streams denoted by L(ĉi ) and L(ûi ), respectively. For
systematic encoders, the output value of each bit is composed of the two a-priori values
and the so-called extrinsic information, which is gained by the decoding process. In
order to avoid statistical dependencies, the two decoders only exchange the extrinsic
L-values corresponding to the uncoded bit stream Le (ûi ). Thus, the a-priori values are
subtracted from the estimated values before passing them as a-priori information to the
next decoder. Figure B.2 shows the decoding structure of such a parallel concatenation.
For a serial concatenation with interleaver Πs , let u and x be the input and output of the
outer encoder, and x′ and c be the input and output of the inner encoder, respectively,
similar to the notations of the upper or lower branch in Fig. B.1. The decoder structure
is similar to that of the parallel concatenation, except for two differences. The first
difference is the input and output of the outer decoder. The second, i.e., outer decoder
receives no intrinsic information directly from the channel but from the estimated
values of the inner decoder. The a-priori information concerning the uncoded input of
the outer decoder is zero all the time, since there is no information from this side of the
decoder. Furthermore, the outer decoder does not pass information corresponding to
the uncoded but to the coded bits to the inner decoder, since the (interleaved) coded
output of the outer encoder corresponds to the uncoded input of the inner encoder.
The second difference is that the inner decoder only subtracts the a-priori knowledge
about the uncoded data. Thereby, the outer decoder implicitly receives the intrinsic
information. All in all, the inner decoder estimates the uncoded data and the outer
one estimates its coded data. Both decoders only subtract from their estimated values
what they received from the other decoder.
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intrinsic
inner APP
La (ĉ)

L(ĉ)

La (x̂′ )

L(x̂′ )

outer APP

Π−1
si

La (x̂)

L(x̂)

La (û)

L(û)

L(û)

Π si
Figure B.3: Decoder structure of a serial concatenated code with an interleaver.

Like hybrid concatenated encoders are a mixture of a parallel and a serial concatenation,
also the decoder of a hybrid structure is a combination of both decoders. In this case,
the single APP decoders in Fig. B.2 denoted by ’upper APP’ and ’lower APP’ will each
contain a whole serial decoding structure like in Fig. B.3. Thereby, the uncoded a-priori
input of the parallel decoder, La (ûi ), will be connected to the uncoded input of the
outer decoder of Fig. B.3. The corresponding coded input in Fig. B.2 will be connected
to the intrinsic input of Fig. B.3. The two outputs of the respective APP decoders in
Fig. B.2 are connected to the coded output of the inner component decoder and to the
uncoded output of the outer component decoder of Fig. B.3. These connections are
depicted in Fig. B.4, which presents the serial decoding inside the upper APP decoder
of a parallel concatenation.

La (ĉ1)

outer APP
La (ĉ1 )

L(ĉ1 )

La (x̂′1 )

L(x̂′1 )

L(ĉ1)
Π−1
si

La (û1)

La (x̂1 )

L(x̂1 )

La (û1 )

L(û1 )

inner APP

L(û1)

Π si

Figure B.4: Decoder structure of a serial concatenation inside an APP decoder.
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Information Transfer of Decoding
In the last section, we described how the component decoders are connected to each
other. In this section, we explain the information processing during the decoding
process. The decoding can most clearly be illustrated using the encoding structure,
see Fig. B.5. The channel provides information about the outputs of the two inner
encoders, called La (ĉ1 ) and La (ĉ2 ). We assume the upper branch to be decoded first.
Thus, the upper inner decoder starts by estimating x′1 and passing the estimated Lvalues to the upper outer decoder. After estimating x1 and u1 , this decoder subtracts
its a-priori L-values La (x̂1 ) (provided by the upper inner decoder) from its estimated
L-values L(x̂1 ) and passes them again to the upper inner decoder. This proceeding is
performed for a certain number of iterations, denoted by nit,1 . The upper branch now
subtracts the initial incoming channel information La (ĉ1 ) from the estimated input
sequence L(û1 ) = L(û) and passes it to the lower branch.
nit,1
L(û1 ) − La (û1 ) − La (ĉ1 )

←−
u1

u

L(x̂1 ) − La (x̂1 )

−→

Π1

x1
nit,g

−→

La (û1 )

←−

L(x̂′1 ) − La (x̂′1 )

←−

x′1

−→

La (x̂′1 )

La (x̂1 )

c1

←−

La (ĉ1 )

Π
L(û2 ) − La (û2 ) − La (ĉ2 )

←−
u2

−→

La (û2 )

L(x̂2 ) − La (x̂2 )

−→

Π2

x2

←−
L (x̂ )
a

2

L(x̂′2 ) − La (x̂′2 )

←−

x′2

−→

La (x̂′2 )

c2

←−
L (ĉ )
a

2

nit,2
Figure B.5: Decoder structure of a hybrid Turbo decoder.

The decoding of the lower branch starts with the activating the outer decoder, which
receives a-priori information from the upper branch La (û2 ) and from the channel La (x̂2 )
(note that the inner encoder is systematic and the channel information can be passed
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to the outer decoder without activating the inner decoder). The decoder subtracts
the a-priori values La (x̂2 ) from its estimated values L(x̂2 ) and passes the information
to the lower inner decoder. This decoder subtracts the a-priori values La (x̂′2 ) from
its estimated values L(x̂′2 ). The lower branch is decoded with nit,2 iterations ending
with an activation of the outer decoder, which subtracts the initial channel information
La (ĉ2 ) and the a-priori values coming from the upper branch La (û2 ) from its estimation
L(û2 ). This whole process is executed for nit,g iterations, which we call global iterations.

For the analysis of the decoding, it is possible to construct EXIT charts [tB01b]
corresponding to the local as well as to the global iterations. Although these different
EXIT charts interact, the connections cannot easily be seen. Thus, we propose to use
only the global EXIT chart. Hereto, we consider each serial decoding structure of a
branch as one component decoder in a parallel concatenation. The global EXIT chart
contains mutual information concerning the a-priori values La (ûi ) and the extrinsic
values Le (ûi ) = L(ûi ) − La (ûi ) − La (ĉi ). For finite-length sequences of length N , the
mutual information between a data sequence u and the corresponding L-values La/e (û)
can be calculated by the following two expected values
o

n
(B.1)
Ia = I(u; La (û)) = E 1 − log2 1 + e−ul ·La (ûl )
and

o

n
.
Ie = I(u; Le (û)) = E 1 − log2 1 + e−ul ·Le (ûl )

(B.2)

These expressions are computed for each parallel branch, where the extrinsic information corresponds to the L-values achieved after the whole number of local iterations
nit,1/2 .
An important new approach to the analysis is not only including the transfer curves of
a fixed number of local iterations in the global EXIT chart but for a range of numbers of
local iterations. This means, the EXIT chart contains one curve per parallel branch for
the information transfer corresponding to one local iteration, another curve representing
the information transfer after the second local iteration, etc.,

Figure B depicts such a multiple EXIT chart at Eb /N0 = 0.17 dB for example codes


D2
G11 = G21 = 1 1+D+D
(B.3)
2

113

B. DECODER SCHEDULING OF HYBRID TURBO CODES

1
0.9

2

1

3
4
5
6

0.8

Ie,1 , Ia,2

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0

0.2

0.4

0.6

0.8

1

Ia,1 , Ie,2
Figure B.6: Multiple EXIT chart for various numbers of local
iterations at Eb /N0 = 0.17dB.

and
G12 = G22 =

1 0
0 1

1+D+D 2
1+D 2
1
1+D 2

!

.

(B.4)

The EXIT chart contains the transfer curves for nit,1 = 1, . . . , 6 as dashed lines and
nit,2 = 1, . . . , 6 as solid lines. We additionally inserted the simulated decoding trajectories for a hybrid decoding scheme with nit,1 = nit,2 = 3 and nit,g = 10. It is
obvious that the edges of the trajectories lie on the transfer curves corresponding to
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nit,1 = nit,2 = 3, marked as bold lines.

Scheduling Optimisation
In the last section, we described the decoding of a hybrid Turbo code for a fixed number
of local and global iterations nit,1 , nit,2 , and nit,g . From the EXIT chart in Fig. B, we
can see the number of local iterations nit,1 and nit,2 which are required in order to pass
the bottleneck between the two transfer curves.
For
nit,1 = nit,2 = 1,
the
mutual
information
would
get
stuck
at
(Ia,1 ; Ie,1 ) = (Ia,2 ; Ie,2 ) ≈ 0.18 and for nit,1 = nit,2 = 2, the maximum achievable mutual
information would be (Ia,1 ; Ie,1 ) = (Ia,2 ; Ie,2 ) ≈ 0.36. However, when choosing nit,1 and
nit,2 differently, e.g. nit,1 = 3 and nit,2 = 2, the bottleneck just opens at 0.17 dB.
Of course, we can also vary the number of local iterations each time, one of the branches
is decoded. We could, e.g., decode the upper branch with nit,1 = 3 iterations, jump to
the lower branch and decode it with nit,2 = 4 iterations, jump back to the upper branch
and decode with nit,1 = 2 iterations etc. Thus, the numbers of local iterations may be
described by vectors of length nit,g where the ith component represents the number of
local iterations during global iteration i. The information transfer of such a variable
decoding process can also be visualised in a multiple EXIT chart shown in Fig. B. The
edges of the trajectories now do not touch only one of the curves on each side but jump
between several of the transfer curves. The decoding of the hybrid Turbo code example
from above is shown in Fig. B.7 for the number of global iterations nit,g = 11 and the
local iteration vectors
nit,1 = [1 1 2 2 3 3 3 3 3 3 4]
and
nit,2 = [1 2 2 2 3 3 3 3 3 3 2] .
When considering the EXIT chart in Fig. B.7, we can also minimise the computational
complexity of decoding. Once through the bottleneck, there are several possibilities of
reaching the point (Ia ; Ie ) = 1. By applying a search algorithm, we would be able to
find the decoding schedule which converges with lowest complexity. Hereto, we consider
the complexity estimation from [CRWC05], where the number of equivalent additions
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Figure B.7: Multiple EXIT chart for varying numbers of local iterations.

is given for the decoding of a convolutional code with m memory elements. For a LogMAP decoder, the complexity was computed as

Nconv (m) = 48 · 2m − 13 .

(B.5)

For a complete decoding of a hybrid Turbo code, we perform nit,g global decoding
iterations, where each iteration contains the decoding of both branches, which in turn
consist of nit,1/2 and nit,1/2 −1 decodings of the outer and inner codes, respectively, plus
one additional decoding of the very first inner decoder. Thus, the overall complexity is
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given by

NT C = nit,g · nit,1 · Nconv (m11 ) + (nit,1 − 1) · Nconv (m12 ) . . .
|{z} |
{z
}
|
{z
}
upper outer
decoder

global
iterations

upper inner
decoder


+ nit,2 · Nconv (m21 ) + (nit,2 − 1) · Nconv (m22 ) + Nconv (m12 ) ,
{z
}
|
{z
}
| {z }
|
lower outer
decoder

lower inner
decoder

(B.6)

very first
upper outer decoder

where mij denotes the number of memory elements of encoder Gij . For the above
example codes (B.3) and (B.4), the numbers of memory elements are m11 = m21 =
m12 = m22 = 2 which leads to
NT C = nit,g · 358 · (nit,1 + nit,2 − 1) + 179

(B.7)

for constant nit,1 and nit,2 . For the same codes and variable numbers of local iterations,
the number of equivalent additions can be determined by
NT C

nit,g


X
2 · nit,1 (i) + 2 · nit,2 (i) − 2 · 179 .
= 1+

(B.8)

i=1

We now compare the complexity of the two decoding schedules that lead to a converging
decoding process. First, we give the complexity NT C,3−3 of a decoding with constant
and equal numbers of local iterations, i.e., nit1 = nit,2 = 3. From Fig. B, we can see that
nit,g = 10 is required to converge. With Eq. (B.7), we compute NT C,3−3 = 18079 or
equivalently, the number of decoder activations is 101. When reducing the complexity
by applying the decoding schedule according to Fig. B.7, the number of equivalent
additions is NT C,var = 15931 and the decoding only needs 89 decoder activations, which
is a reduction of almost 12%. Thus, we are able to reduce the decoding complexity of
such a hybrid Turbo decoding by means of our multiple EXIT chart. Furthermore, we
found that the bit-error rate is, of course, not affected by this improvement.

C. PUNCTURING AND PRUNING PATTERNS FOR UEP MULTILEVEL CODES
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Appendix C

Puncturing and Pruning Patterns
for UEP Multilevel Codes
The following tables present the puncturing and pruning patterns used for obtaining
the bit-error rates in Fig. 3.4. The puncturing patterns apply to the parity bits of
the respective component encoder. The pruning pattern is applied periodically to the
information sequence at the encoder input. Note that the resulting code rates are valid
after Turbo encoding and do not refer to the fraction of punctured or pruned bits. In
the tables, a p represents a pruned position, whereas a X corresponds to a punctured
code bit.
Table C.1: Pruning pattern used for Fig. 3.4.

code rate

pruning period

0.09

13

pattern


· p · p p p · · p · p p ·
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Table C.2: Puncturing patterns used for Fig. 3.4.

code rate

puncturing period

pattern
first encoder:

0.23

9

X · X X X X X · X
X X X X X · X X X

second encoder:
X · X X X X X X X
X X X X X · X X X

!
!

first encoder:
1

0.84

36

2

3

4

5

6

...

21

22

23

...

33

34

35

36

X X X X · X ... X · X ... X · X X
X X X X X X ... X X X ... X X X ·

second encoder:
1

2

3

4

5

6

...

21

22

23

...

33

34

35

36

X X X X · X ... X · X ... X · X X
X X X X X X ... X X X ... X X X X

first encoder:
1

0.93

40

...

8

9

10

...

22

23

24

...

40

X ... X X X ... X · X ... X
X ... X · X ... X X X ... X

1

...

8

9

10

...

22

23

first encoder:
1

...

8

9

10

...

52

X ... X · X ... X
X ... X X X ... X

52

!

second encoder:
24

...

40

X ... X X X ... X X X ... X
X ... X · X ... X X X ... X

0.98

!

!

second encoder:
1

...

8

9

10

...

52

X ... X X X ... X
X ... X X X ... X

!

!

!
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Appendix D

Optimised LDPC Variable Node
Degree Distributions for Higher
Order Constellations
This section presents optimised degree distributions for rate-1/2 UEP-LDPC codes
for higher order constellations. Given are tables for 8-PSK and 64-QAM modulation
schemes, with different threshold offsets ǫ = {0, 0.1 , 0.2 , 0.3} dB. The check node
degree polynomial is defined by ρ(x) = 0.00749x7 + 0.99101x8 + 0.00150x9 which was
shown to yield good results [RSU01]. Results are given for protection class proportions
α = [0.3, 0.7] as well as α = [0.1, 0.9]. The tables are arranged such that the
coefficients of the variable node degree distributions are given for a certain protection
class P i and a modulation class Mj .
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Table D.1: Degree distributions for UEP-LDPC codes optimised for
8-PSK modulation and class proportions α = [0.3, 0.7].

ǫ = 0 dB

M1

M2

ǫ = 0.1 dB

M1

P1

M1

λ3 = 0.1673

λ2 = 0.1240

λ4 = 0.0225
λ5 = 0.0738
λ7 = 0.0117

λ2 = 0.0878
λ3 = 0.0022
λ4 = 0.0183

λ12 = 0.3290
λ30 = 0.1782

λ3 = 0.1070

λ2 = 0.1585

λ3 = 0.0396
λ4 = 0.1026
λ5 = 0.0165

λ2 = 0.0547
λ3 = 0.0137

λ3 = 0.0848

λ2 = 0.1733

λ3 = 0.0782
λ4 = 0.0940

λ2 = 0.0414
λ3 = 0.0115

λ3 = 0.0268
λ3 = 0.1849
λ4 = 0.0291

λ2 = 0.2163
λ2 = 0.0092

λ15 = 0.4840
λ30 = 0.0327

M2
ǫ = 0.3 dB

M1
M2

P3

λ9 = 0.1703
λ10 = 0.0555
λ30 = 0.1811
λ30 = 0.0854

M2

ǫ = 0.2 dB

P2

λ16 = 0.4993
λ16 = 0.0345
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Table D.2: Degree distributions for UEP-LDPC codes optimised for
8-PSK modulation and class proportions α = [0.1, 0.9].

ǫ = 0 dB

M1

M2

ǫ = 0.1 dB

M1

P1

M1

λ3 = 0.2015

λ2 = 0.1332

λ4 = 0.0047
λ5 = 0.0474

λ2 = 0.0786
λ4 = 0.0213

λ30 = 0.3336

λ3
λ4
λ6
λ7
λ8

= 0.1588
= 0.0564
= 0.0673
= 0.1381
= 0.0167

λ2 = 0.1178

λ3
λ5
λ6
λ7

= 0.1635
= 0.0894
= 0.0671
= 0.1157

λ2 = 0.1072

λ3
λ5
λ6
λ6

= 0.1578
= 0.0343
= 0.1595
= 0.0842

λ2 = 0.1023

λ30 = 0.3336

M2
ǫ = 0.3 dB

M1

M2

P3

λ8 = 0.0211
λ9 = 0.0119
λ30 = 0.3171
λ7 = 0.0306
λ8 = 0.1095
λ30 = 0.0231

M2
ǫ = 0.2 dB

P2

λ30 = 0.3336

λ2 = 0.0913
λ3 = 0.0200

λ2 = 0.0985
λ3 = 0.0250

λ2 = 0.1038
λ3 = 0.0246
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Table D.3: Degree distributions for UEP-LDPC codes optimised for
64-QAM modulation and class proportions α = [0.3, 0.7].

ǫ = 0 dB

M1
M2
M3

ǫ = 0.1 dB

M1
M2
M3

ǫ = 0.2 dB

M1
M2
M3

ǫ = 0.3 dB

M1
M2
M3

P1

λ3 = 0.0638
λ30 = 0.2764
λ30 = 0.0867

λ13 = 0.3902
λ28 = 0.0125

λ2
λ3
λ2
λ4
λ7
λ8

P2

= 0.0191
= 0.1024
= 0.0169
= 0.0230
= 0.0326
= 0.1223

λ3 = 0.1017

λ29 = 0.0754
λ30 = 0.0090

λ3 = 0.0540
λ5 = 0.1234
λ6 = 0.0077

λ14 = 0.4422
λ23 = 0.0160

λ3 = 0.0956

λ25 = 0.0109
λ26 = 0.0167

λ3 = 0.0583
λ5 = 0.1229
λ6 = 0.0117

λ15 = 0.4797

λ3 = 0.0274

λ15 = 0.0207

λ3 = 0.1652
λ6 = 0.0819

P3

λ2
λ2
λ3
λ4

= 0.1314
= 0.0464
= 0.0310
= 0.0480

λ2 = 0.0196
λ2 = 0.1482
λ2 = 0.0479
λ3 = 0.0114
λ2 = 0.0200
λ2 = 0.1482
λ2 = 0.0476
λ3 = 0.0099
λ2
λ2
λ2
λ3

= 0.0661
= 0.1482
= 0.0026
= 0.0082
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Table D.4: Degree distributions for UEP-LDPC codes optimised for
64-QAM modulation and class proportions α = [0.1, 0.9].

ǫ = 0 dB

ǫ = 0.1 dB

ǫ = 0.2 dB

M1
M2
M3

P1

P2

λ30 = 0.2764

λ3 = 0.1662

λ30 = 0.0572

λ3
λ4
λ7
λ8

M1
M2
M3

λ30 = 0.3336

λ3 = 0.1891

M1

λ30 = 0.3336

λ4 = 0.0233
λ5 = 0.0855
λ9 = 0.0465
λ10 = 0.0898

M2
M3
ǫ = 0.3 dB

M1
M2
M3

= 0.0180
= 0.0710
= 0.0326
= 0.1223

λ3 = 0.1853
λ4 = 0.0052
λ4 = 0.0508
λ7 = 0.0564
λ8 = 0.1301

λ30 = 0.3336

P3
λ2
λ2
λ2
λ3

= 0.0191
= 0.1482
= 0.0464
= 0.0130

λ2 = 0.1482
λ2 = 0.0543
λ3 = 0.0297

λ2 = 0.1228
λ2 = 0.0672
λ3 = 0.0486

λ3 = 0.1157
λ4 = 0.0979
λ3 = 0.0385

λ2 = 0.1225

λ7 = 0.1180
λ8 = 0.0586

λ2 = 0.0694
λ3 = 0.0457
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Appendix E

List of Mathematical Symbols
A
Ain , Aout
α = [α1 . . . αNp −1 ]
β = [β1 . . . βNm ]
C
Ci
C̃i
C
ci
dH
dvmax , dcmax
d0 , d1
δ
ǫ
Eb /N0
Es /N0
ε
g(D), G(D)
H
I(Y ; X)
K
Lc
Lp
lm
λ(x)

signal constellation, symbol alphabet
channel input and output alphabet
protection class proportions
modulation class proportions
channel capacity
channel capacity at level i (multilevel codes)
non-optimal channel capacity at level i
code, set of codewords
ith check node
Hamming distance
maximum variable/check node degree
intersymbol distances in a constellation
threshold of an LDPC code ensemble
threshold offset
signal-to-noise ratio w.r.t. bit energy
signal-to-noise ratio w.r.t. symbol energy
erasure probability
generator polynomial/matrix of a code
parity-check matrix
mutual information between random variables Y and X
number of information bits at the encoder input
constraint length
pruning period
number of bits per symbol
variable node degree distribution polynomial

E. LIST OF MATHEMATICAL SYMBOLS

λi
λ̃i
k
λP
Mj ,i
i

λP
Mj
M
Mm
Mj
N
Np
Nm
NP i
NMj
Nvli
N̄vli
N (m, σ 2 )
Ps , Pb
Pi
R
Ri
RCC
RT C
ρ(x)
ρi
ρ̃i
ρ = [ρ2 , . . . , ρdcmax ]
u = (u0 u1 . . .)
σ2
σ 2 = [σ1 . . . σNm ]
vi
wH
xcv
xvc
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fraction of edges connected to variable nodes of degree i
fraction of degree-i variable nodes
λ̃i corresponding to modulation class Mj , protection class P k ,
and degree i
k
vector containing all degrees of λP
Mj ,i
number of parity-check constraints
cardinality of a signal set
modulation class j
number of code bits at the encoder output
number of protection classes
number of modulation classes
total number of variable nodes in P i
total number of variable nodes in Mj
set of check nodes which are covered by a tree of depth l and
with root variable node vi
set of check nodes which are not covered by a tree of depth l
and with root variable node vi
Gaussian random variable with mean m and variance σ 2
symbol/bit-error probability
protection class i
code rate
code rate of a subcode or of a level in a multilevel code
code rate of a convolutional code
code rate of a Turbo code
check node degree distribution polynomial
fraction of edges connected to check nodes of degree i
fraction of degree-i check nodes
vector of check node degree distribution coefficients
information sequence or word
noise variance
vector of noise variances per modulation class
ith variable node
Hamming weight
mutual information from check node to variable node
mutual information from variable node to check node
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Appendix F

List of Acronyms
ACE
ARQ
AWGN
BCJR
BEC
BER
BI-AWGN
BP
BPSK
DE
EMD
EXIT
EZW
GA
HOC
LDPC
LLR
LP
MAP
MI
ML
MLC
MSD
NSC
PSK

approximate cycle extrinsic message degree
automatic repeat request
additive white Gaussian noise
Bahl-Cocke-Jelinek-Raviv
binary erasure channel
bit-error rate
binary input additive white Gaussian noise
belief propagation
binary phase shift keying
density evolution
extrinsic message degree
extrinsic information transfer
embedded zero-tree wavelet
Gaussian approximation
higher order constellation
low-density parity-check
log-likelihood ratio
linear programming
maximum a-posteriori
mutual information
maximum likelihood
multilevel codes
multistage decoding
non-recursive non-systematic convolutional
phase shift keying
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PEG
PCPC
QAM
QPSK
RCPC
RSC
SNR
UEP

progressive edge-growth
path-compatible pruned convolutional
quadrature amplitude modulation
quaternary phase shift keying
rate-compatible punctured convolutional
recursive systematic convolutional
signal-to-noise ratio
unequal error protection
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[SWBK03] A. Sezgin, D. Wübben, R. Bönke, and V. Kühn. “On exit-charts for spacetime block codes.” In “Proceedings of the IEEE International Symposium on
Information Theory (ISIT) 2003,” p. 64. Jun. 2003.

134

BIBLIOGRAPHY

[Tan81]

M. Tanner. “A recursive approach to low complexity codes.” IEEE Transactions
on Information Theory, 27, no. 5:pp. 533 – 547, Sep. 1981.

[tB00]

S. ten Brink. “Designing iterative decoding schemes with the extrinsic information
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