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Abstract—This paper shows that LT-encoding at the source
node and network coding at intermediate nodes cannot be applied
together sequentially in binary erasure channels (BECs) without
significant receiver performance degradation due to the distortion
of the degree distribution in received LT-coded symbols. Two
countermeasures are discussed. The first one is wise assignment
of network codes, which totally eradicates the distortion in
some specific, but not all, cases. The second one, being more
universal, is a cooperation between the source and the relay
nodes. The source introduces buffers for temporarily storing LTcoded output prior to transmission. Each buffer is a first-in-firstout (FIFO) queue associated with one outgoing edge of the source
node. It is shown that under some conditions related to the degree
of a particular LT-coded symbol, it is better to put that symbol
into one buffer instead of another in order to keep the degree
distribution distortion low. In addition, we paradoxically discover
that the relay node, instead of always performing network coding,
can improve the receiver performance by discarding some LTcoded symbols with a certain probability, since this will reduce
the degree distribution distortion.

symbol b1 ⊕ b2 from ABF GD. Had network coding not been
there, only either b1 or b2 would have been able to pass the
bottleneck F G in one unit time, i.e., one receiver would have
been unable to use one of its possible transmission paths.
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Network coding in a butterfly network

I. I NTRODUCTION TO LT AND N ETWORK C ODES IN R ELAY
N ETWORK M ULTICAST
LT codes or other rateless codes as a forward error correction (FEC) scheme are arguably most useful in multicast applications in which its one-to-many nature makes the
acknowledgement scheme very unpleasant. LT codes can potentially generate an infinite stream of coded output symbols
such that, even when some symbols are erased, the receiver
can recover k original symbols using any K received coded
symbols when K is only slightly larger than k.
Like LT codes, network codes find their first and simplest
application in multicast. However, both types of codes have
opposite aims. While LT codes increase redundancy in the
networks to compensate for erasures, network codes decrease
it by means of coding at the bottlenecks.
According to Fig. 1, where A aims to multicast two binary
symbols b1 and b2 to D and E, we can see that the node F
encodes b1 and b2 together to achieve the multicast rate of 2
bits per unit time, if each edge represents the capacity of one
bit per unit time. D receives b1 from the path ABD and can
recover b2 from the symbol b1 ⊕ b2 from ACF GD, whereas
E receives b2 from the path ACE and recovers b1 from the
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Fig. 2. Detailed system model including encoding and decoding blocks as
well as the buffer structure
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II. L ITERATURE R EVIEW
Although many recent works regarding network coding
focus on two-way wireless relay networks rather than relay
network multicasts [4,5,6], it is suggested in [5] that the problem of two-way relay networks, and of information exchange
in general, can be transformed into a multicast problem via
some graph transformations. Thus, the study of information
multicast in this work might lead to further discoveries in more
generalized cases.
In addition, main components used in those systems are
identical or similar to ours. The decode-and-forward (DF)
scheme used in [6] employs a channel encoder at each transmitter and a network encoder at the relay, which is structurally
identical to our system. However, we use LT codes instead
of turbo codes and therefore need no decoder at the relay.
This is similar to distributed LT codes proposed in [3], but
the receiver in that system receives information only from the
relay, whereas our sink receives it via the direct path as well.
Since LT codes are erasure correcting codes, binary erasure
channels (BECs) are used in our model instead of Gaussian
channels.
Like in our system, the buffering scheme is considered
important and given careful attention in [5,7].

III. LT AND N ETWORK E NCODING AND D ECODING
Three steps are needed to generate an LT-coded symbol.
Firstly, a degree d is selected from a degree distribution, which
is a discrete probability density function mapping a degree to
the probability that the degree is selected. Secondly, d original
symbols are chosen uniformly at random. Finally, an output
symbol is derived by XORing all chosen symbols from the
previous step [2].
In this paper, we use a robust soliton distribution, which is
constructed such that the failure probability of the message√
passing decoder is δ for a given number K = k + O( k ·
ln2 (k/δ)) of received symbols [2].
Definition 1: The robust soliton distribution (RSD) µ(i) is
derived from the normalization of two functions ρ(i) and τ (i)
as
ρ(i) + τ (i)
, 1 ≤ i ≤ k,
µ(i) =
(1)
β
where
ρ(i)
τ (i)
R
β

½

i=1
1/k,
(2)
1/(i(i − 1)), 2 ≤ i ≤ k,

1 ≤ i ≤ (round(k/R)) − 1,
 R/(i · k),
(R ln(R/δ))/k, i = k/R,
=
(3)

0,
otherwise,
√
= c · k · ln(k/δ),
(4)
k
X
(5)
=
(ρ(i) + τ (i)).
=

i=1

The paramater c in (4) is a suitable non-negative constant used
in the design, whereas δ is the failure probability mentioned
earlier [2].
The robust soliton distribution with parameters k = 1000,
c = 0.1, and δ = 0.5 is shown in Fig. 3. The most important
observation regarding the plot is that it has two peaks at 2 and
42.
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LT-coded symbols which are subsequently network coded by
intermediate nodes along their ways to the receivers. To make
things more concrete, Fig. 2 displays a block diagram showing
all encoding and decoding processes as well as the buffer
structure from the source to the destinations in accordance
with the network in Fig. 1.
One can observe a switch placed after the LT-Encoder block
and prior to two buffers. While traditional network coding only
requires that the switch turns to each buffer half of the time, it
is not the case in this paper, in which the switching decision
depends on the degree of the current LT-encoding output. This
is one major discovery in this work.
Despite having our own system shown in Fig. 2, we
are aware of previous works dealing with similar problems.
Therefore, we present a short review of their works in the
next section.
After that, Section III elaborates on important parts in our
system, such as LT encoder and decoder. The most crucial
function influencing the LT-decoder performance is the degree
distribution which must be carefully chosen by the encoder.
Section IV, however, shows that the well-designed degree
distribution can easily be distorted by network coding in binary
erasure channels (BECs), leading to a significant degradation
in receiver performance.
Section V provides a solution to the problem for some special cases by means of wise assignment of network codes. In
other cases, however, we need a cooperative scheme proposed
in Section VI to improve the receiver performance, as shown
in Section VII.
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Robust soliton distribution with k = 1000, c = 0.1, and δ = 0.5

Now, let us consider the network in Fig. 1. Assume that
node A would like to multicast LT-coded outputs b1 and b2
with the robust soliton distribution shown in Fig. 3 to D and
E. After the node D receives b1 and b1 + b2 , it first deducts
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b1 from b1 + b2 to obtain b2 . We call this deduction ”network
decoding”. After that, both b1 and b2 are LT-decoded by the
message-passing algorithm, as described in [2], to obtain the
original message.
Unfortunately, when network coding is used in severe
erasure channels, the well-designed degree distribution can
be distorted before LT-coded symbols reach the destination.
The next section addresses this issue as well as the resulting
receiver performance deterioration.
IV. D EGREE D ISTRIBUTION D ISTORTION AND R ECEIVER
P ERFORMANCE D ETERIORATION IN B INARY E RASURE
C HANNELS
Suppose that the edge BD is a binary erasure channel
having an erasure probability of 0.1 whereas other edges
are erasure-free. Thus, on average, once every ten times the
receiver D does not have b1 to deduct from b1 +b2 to complete
the network decoding process. Instead, b1 + b2 enters directly
into the LT decoding process. Therefore, on average, for every
ten symbols of b1 and ten of b2 transmitted, D receives nine
b1 , nine b2 (after network decoding), and one b1 + b2 . If b1
and b2 follow the robust soliton distribution µ(i), the overall
degree distribution becomes
18
1
µ(i) + ϕ(i),
(6)
19
19
where ϕ(i) is the degree distribution of b1 + b2 .
It is precisely the ϕ(i) that alters the overall degree distribution of D’s received symbols from the robust soliton case.
Since, in practice, the number k of LT input symbols is large,
we can assume that the LT-encoded symbols b1 and b2 are not
made up of some common original symbols. This allows us to
approximate the overall degree distribution at D after network
decoding as
½ 18
1
19 µ(i), i = P
ψ(i) ≈
i−1
1
18
µ(i)
+
j=1 µ(j)µ(i − j), otherwise.
19
19
(7)
Figures 4 and 5 compare the plot of the robust soliton
distribution µ(i) in the erasure-free case with the distorted
distribution due to erasures at BD obtained by the analytical
approximation ψ(i) in (7) and that obtained from simulation
by counting the degree of 107 symbols received at D around
the two peaks at 2 and 42, respectively. We can see that
the steepness of the peaks are lessened in the distorted case.
Moreover, an unwanted peak is formed at 44.
Although the distortion of the degree distribution is small,
its effect on the performance is clearly visible. Fig. 6 shows
the histogram of the number of LT-coded symbols needed to
be transmitted until the original symbols can be recovered by
D. Fig. 7 makes a comparison between the number of symbols
needed to be transmitted when the erasure probability of BD
is 0.1 in the network in Fig. 1 and that when the erasure
probability is 0.05 in normal point-to-point communication.
Although the average erasure probabilities in both cases are
the same, the network coding case requires more symbols due
to the distortion of the degree distribution.
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Fig. 4. Robust soliton distribution around the first peak in comparison with
distorted distribution caused by erasures at the edge BD
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Fig. 5. Robust soliton distribution around the second peak in comparison
with distorted distribution caused by erasures at the edge BD

V. T HE F IRST S OLUTION : W ISE A SSIGNMENT OF
N ETWORK C ODES
In case erasures occur only along the edge BD with
the erasure probability of 0.1, the solution to the degree
distribution distortion problem is very simple. We change our
network codes from those in Fig. 1 into those in Figure 8.
Since we now transmit b1 + b2 instead of b1 along BD, when
b1 + b2 is erased, D only receives b1 , yielding no distortion,
when b1 + b2 is not erased, D can network-decode and receive
both b1 and b2 , yielding no distortion either.
This solution can be performed by the source alone. When
the source A is informed by B that there are severe erasures at
BD, it simply transmits b1 + b2 instead of b1 to B while other
nodes just work as usual. In general, this solution is applicable
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when erasures occur along a single edge, with the transmission
pattern depending on which edge is erasure-prone, as shown
in Table 1.
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Fig. 6. Histogram of the number of LT-encoded symbols needed to be
transmitted such that all original symbols are recovered
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Fig. 7. Comparison of histograms of the number of LT-encoded symbols
needed to be transmitted such that all original symbols are recovered in two
cases, point-to-point communication with the erasure probability of 0.05 and
coded butterfly network with the erasure probability of 0.1 at BD
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The next section deals with a more general case in which
more than one edge is erasure-prone.
VI. T HE C OOPERATIVE S OLUTION P ERFORMED BY THE
S OURCE AND THE R ELAY
As an example, consider the case when both the edges BD
and CE are erasure-prone. In this case, we cannot find a
solution from the previous section that satisfies both receivers.
If A chooses to transmit (b1 +b2 , b2 ) to (AB, AC), the receiver
D is satisfied but E still suffers from the degree distribution
distortion.
It can be imagined that the ideal solution can be found such
that, instead of transmitting b1 and b2 with the robust soliton
distribution, we use another degree distribution ν(i) which,
after being distorted by erasures, becomes the robust soliton
distribution. However, such a distribution is very difficult, if
not impossible, to be found. Indeed, it is proven in a similar
work [3] that one cannot find a degree distribution ν(i) for b1
and b2 such that b1 + b2 follows the robust soliton distribution.
Since we cannot achieve this ideal solution, we will offer a
cooperative scheme performed by the source node A and the
relay node F that corrects the degree distribution distortion
only in the positions that most affect the performance. Those
positions are at degrees 2, 4, 44, and 84.
The severe distortion at 4, 44, and 84 is due to the high
probability that b1 and b2 have the degrees of 2 or 42, causing
b1 +b2 to have the degree of 4, 44, or 84 with higher probability
than what is required, whereas the distortion at 2 is due to the
fact that b1 + b2 cannot have the degree 2 unless both b1 and
b2 have the degree of 1, which is unlikely.
According to our cooperative scheme, the distortion at 44
and 84 is reduced by applying a buffering scheme at the
source. The scheme arranges the LT-encoder output in such
an order that b1 and b2 with degrees of 2 and 42, 42 and 2, or
42 and 42 are not allowed to be simultaneously transmitted
and mixed at the relay thereafter, as implemented in Step
4) of Algorithm 1. In addition, the distortion at 2 and 4 is
corrected by selectively discarding some symbols at the relay,
i.e., when both b1 and b2 have the degree of 2, there is a
probability pc that the relay performs network coding and a
probability 1 − pc that either b1 or b2 is transmitted while the
other is discarded. This will relieve the excess of symbols
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with degree 4 and the shortage of those with degree 2. The
scheme is implemented in Algorithm 2.
Algorithm 1: The buffering scheme performed by the source
Let
½
1 if the switch is pushed to the left buffer
• Sl =
,
0 if the switch is pushed to the right buffer
• λn be the LT-encoder output at the discrete time n =
0, 1, 2, ..., Nmax ,
• d(λn ) be the degree of λn ,
• NB be the size of each buffer,
th
• Bl (m), m = 0, 1, 2, ..., NB − 1 be the m
element in the left
buffer such that Bl (m) precedes Bl (m + 1),
th
• Br (q), q = 0, 1, 2, ..., NB − 1 be the q
element in the right
buffer such that Br (q) precedes Br (q + 1),
• πl , πr be the pointers of the left and the right buffer, respectively,
• and b1 , b2 be the current symbol to be transmitted to the edges
AB and AC, respectively,
1) Initialize
n := 0
Sl := 1
Bl (0) := λ0
πl := 1
πr := 0
{Bl (m)|m = 1, 2, ..., NB − 1} := ∅
{Br (q)|q = 0, 1, 2, ..., NB − 1} := ∅
2) n := n + 1
3) if Sl = 0 {
Sl := 1
if πl < NB {
Bl (πl ) := λn
πl := πl + 1 }}
4) while Sl = 1 {
if (d(λn ), d(Bl (πr ))) 6∈ {(2, 42), (42, 2), (42, 42)} {
Sl := 0
if πr < NB {
Br (πr ) := λn
πr := πr + 1 }}
else {
if πl < NB {
Bl (πl ) := λn
πl := πl + 1 }}}
5) if the channel access is allowed {
b1 := Bl (0)
b2 := Br (0)
Bl (m) := Bl (m + 1), m = 0, 1, 2, ..., NB − 1
Br (q) := Br (q + 1), q = 0, 1, 2, ..., NB − 1
πl := πl − 1
πr := πr − 1
Transmit b1 and b2 . }
6) if n < Nmax − 1 {
Go back to 2). }
else {
Exit. }
Algorithm 2: The discarding scheme performed by the relay
Let
• b1 , b2 be the current symbol received by F from the edges BF
and CF , respectively,
• d(bn ) be the degree of bn , n = 1, 2
• and pc ∈ [0, 1] be a design parameter used as the probability
that F performs network coding.
1) if (d(b1 ), d(b2 )) 6= (2, 2) {
Change the header and transmit b1 ⊕ b2 }.
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else {
Generate a uniformly random number r1 in the range [0,1].
if r1 < pc {
Change the header and transmit b1 ⊕ b2 }.
else {
Generate a uniformly random number r2 from the set {0, 1}.
if r2 = 0 {
Transmit b1 }
else {
Transmit b2 }}}
2) Repeat 1) when new b1 and b2 arrive.

From Step 3) in Algorithm 1, we can see that when the
previous switch position is at the right buffer (Sl = 0), it will
always be turned to the left one (Sl = 1) as the current symbol
arrives. On the other hand, in Step 4), the switch position will
only change from left to right only if this does not create the
degree distribution pair we aim to avoid.
Note that the information regarding the linear combination
of original symbols for each LT-coded output is contained in
the header. Therefore, in Algorithm 2, the header must be
changed if we transmit b1 ⊕ b2 .
VII. R ESULTS , C ONCLUSIONS , AND F UTURE W ORKS
Figure 9 compares the histograms of the number of symbols
needed to be transmitted by the source such that all original
symbols are recovered in two cases, without the proposed
algorithm and with Algorithm 1. We can see that Algorithm 1
reduces the variance of the number of required symbols, thus
making the histogram of the latter case more concentrated
near the middle at 1270. When both algorithms are applied,
as shown in Fig. 10, the histogram resembles a left-shifted
version of that in Fig. 9 when only Algorithm 1 is applied.
Instead of simple histograms, Figure 11 plots normalized
cumulative histograms to clearly show that less symbols are
needed to be transmitted when both algorithms are applied.
We can conclude that our cooperative scheme improves the
receiving performance, not only when the erasure probability
at BD is 0.1, but also when it is 0.2 and 0.05. The larger the
erasure probability, the greater the improvement.
In a more complicated network, a node can act as both a
relay for upstream nodes and a source for downstream ones.
Therefore, the subtree analysis as suggested in [8] is needed
to identify whether a given node’s buffering scheme should
follow Algorithm 1, Algorithm 2, or a modified algorithm
combining both of them. In addition, the relationship between
erasure probabilities in all edges and the suitable parameter pc
used in Algorithm 2 should be studied further.
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