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Abstract—This manuscript addresses optimization of irregular Low-Density Parity-Check (LDPC) code concatenated with
Trellis Shaping for Peak-to-Average Ratio (PAR) reduction in
Orthogonal Frequency Division Multiplexing (OFDM) systems.
It takes into account the different error probabilities inside a
QAM constellation and from the decoding of the MSBs of the
Trellis Shaping.
Index Terms—Irregular LDPC, Trellis Shaping, Peak-toAverage Ratio (PAR)

I. I NTRODUCTION
A major drawback of OFDM systems is high PAR, which
is defined as
maxk,1≤k≤N |xk |2
,
(1)
PAR(x) =
E{|xk |2 }

where maxk |xk |2 represents the amplitude of the maximum
peak power of the envelope and E{|xk |2 } denotes the average
power over an interval 1 ≤ k ≤ N of the OFDM symbol x.
Different techniques have been proposed to limit the peak
excursion of an OFDM signal. The well-known techniques
amongst them are Clipping, Selected Mapping, Partial Transmit Sequences, and Tone Reservation [1], [2]. An also
very promising technique in terms of PAR reduction with a
moderate complexity is Trellis-Shaping, orinally introduced by
Forney [3] for reducing the average power. A combination of
shaping and protograph-based LDPC codes developed in [4]
shows procedural similarities independently developed from
ours, adapted for power shaping instead of PAR reduction
that we focus on. Trellis-Shaping for PAR reduction, we
first proposed in [5]. The idea was later extended by Ochiai
[6], where the author devised a new branch metric based
on the autocorrelation of the side-lobes in the DFT domain.
Conventionally, hard decision decoding was used to extract the
input bit stream from the shaping code sequence. However, to
improve the system performance, the authors in [7] suggested
soft decision decoding using the BCJR algorithm based on
the compound trellis of the inverse syndrome former (H−1 )T
and the shaping code Cs . To enhance the system performance
further in terms of BER, the authors concatenated a regular
LDPC code with Trellis Shaping for PAR reduction of a
BICM-OFDM system. They used higher order M-ary QAM
modulation (256-QAM) as modulated symbols at each tone
of the OFDM system. However, as it is well known from
literature, an irregular LDPC code has a better performance

than a regular one. Moreover, in higher order constellations
(M-ary QAM), the bits constituting the QAM-symbol have
different error probabilities. Thus, there is a possibility to
design an irregular LDPC code taking into account the biterror probabilities of the individual bits inside an M-ary QAM
symbol.
The rest of the paper first starts from a representation of
the equivalent binary channels of an M-ary QAM modulation
in Section II. Section III provides the system model and a
brief introduction to Trellis Shaping, particulary to Sign-bit
Shaping in Section III-A. Optimization of the variable-node
degree distribution and simulation results are presented in
sections III-B and IV, respectively.
II. E QUIVALENT BINARY

CHANNELS OF

M- ARY QAM

As we know, the bits inside a higher order M-ary QAM
constellation have different error probabilities, depending on
the size, the type, and the labeling of the constellation used.
Let Pbi , bi = {b1 , b2 , . . . bB }, where B = log2 (M) and M
is the constellations size, be the error probability of the ith
bit. Bits with the same error probabilities, i.e., Pbi = Pbj ,
are assigned to subgroups, which we will subsequently call
modulation classes, i.e., M = {M1 , M2 , . . . , MNm }, where
Nm = B/2 for a square Gray-coded QAM [8]. The standard
deviations for all modulation classes, σ = {σ1 , σ2 , . . . , σNm },
are then calculated from the bit-error probabilities of each
modulation class Pb,Mi using an equivalent BPSK channel
description [9] as shown in Fig. 1, and is defined as
σi2 =

1
,
2{erfc(2Pb,Mi )}2

(2)

where σ is a vector for the equivalent noise of the individual
channels. This irregularity of the individual bits inside a QAM

(a)

(b)

Fig. 1. Binary channel assumption (a) physical channel (b) equivalent binary
channels

symbols can be exploited to optimize an LDPC code, as
the individual bits have different error probabilities and thus
can be protected differently inside the same QAM symbol.
Note that we have used a Gaussian model for the individual
channels, which will also carry over to the intrinsic LLR
computation in the LDPC decoder. If modifications in that
individual channels will be required, this will also mean
different LLR expressions and actual convolution steps in
density evolution.
Fig. 3. Block diagram of Trellis Shaping

III. S YSTEM M ODEL
A basic block diagram of serial concatenation of an irregular
LDPC code with Trellis Shaping is shown in Fig. 2. The input
bit sequence u is first encoded using an irregular LDPC code.
The encoded bits c are then passed through a Trellis Shaper,
which is used to define the sequence of M-ary QAM symbols
X. After serial-to-parallel conversion, X is transformed into
time-domain using the Inverse Discrete Fourier Transform
(IDFT) modulator defined as
N
2πnk
1 X
Xn e j N
xk = √
N n=1

, 1≤k≤N ,

to choose the MSBs, which are used to select one out of
the four quadrants, while n is for the LSBs which address
a particular point inside a quadrant.
In TS, valid codeword in the shaping code Cs is selected
which minimizes the PAR of the transmit signal x, based on
a metric in the Viterbi algorithm. Along with the LSBs n, the
′
MSBs z determines the nth QAM symbol as
′

Xn = M(zn ; nn ) = M(zn ⊕ yn ; nn ) .

(3)

where xk is the kth sample of the discrete time sequence
x = [xk ], k = 1, 2, . . . , N , and N is the frame size. After
parallel-to-serial conversion and appending a cyclic prefix,
the time domain signal is transmitted over a channel. At the
receiver, reverse operation are performed to recover the useful
information. The Log-Likelihood Ratios (LLRs) obtained are
passed into an LDPC decoder to obtain an estimate of the
transmit sequence. We will give an insight to each block,
subsequently

(4)

As a metric in the Viterbi algorithm, we consider minimization
of the aperiodic autocorrelation function of the side lobes, as
proposed by Ochiai in [6], defined as
µi = µi−1 +

i−2
X

m=1

i−1
 X

i−1
(i−1)∗ i−1
δm
+
2ℜe Rm
δm

2

, (5)

m=1

i
where Rm
is the aperiodic
of the QAM symP autocorrelation
i 2
i
∗
bols at length i, µi = im=1 |Rm
| , and δm
= Xi Xi−m
.
To retrieve the input bit sequence m correctly, at the
transmitter, the input bit sequence m is preprocessed using
the left inverse syndrome former (H−1 )T of the shaping code
Cs . At the receiver, the received sequence is postprocessed
using the syndrome former HT of Cs . For a valid codeword
y, HyT = 0, m is then decoded as
′

z HT = (z ⊕ y)HT = zHT ⊕ yHT = zHT = m (H−1 )T HT
| {z }
{z
}
|
=0

Fig. 2. Irregular LDPC code concatenated with Trellis Shaping

A. Trellis Shaping
We consider sign-bit shaping with a binary convolutional
shaping code as has been presented in [3].
A simplified block diagram of a trellis shaper is shown in
Fig. 3. In there, Cs is a binary rate R = nk = 12 convolutional
code (also referred to as the shaping code) with a 1 × 2
generator matrix G, where k and n stands for the number
of input and output bits, respectively. HT and (H−1 )T are
the 2 × 1 parity-check matrix (syndrome former) and its
1 × 2 left inverse (inverse syndrome former), respectively.
Let c be the input data sequence of length 1 × (B − 1) · N
prior to constellation mapping, which will be transmitted
with an OFDM frame of size N . The input bit stream c is
demultiplexed into two sets of sequences m and n. m is used

=I

However, instead of using the hard decision decoding described earlier, we will use the soft decision decoding with
the BCJR algorithm, based on the compound trellis of the
inverse syndrome former and the shaping code as proposed in
[7], to obtain the LLRs for the shaping bit sequence.
The LLRs obtained from the BCJR algorithm for the MSBs
along with the LLRs for the LSBs are fed into an LDPC
decoder to obtain the received intrinsic information for the
complete bit sequence u. Subsequently, we will give a brief
introduction to the LDPC codes followed by optimization of
the variable-node degree distribution.
B. Irregular LDPC codes
We design an irregular LDPC code concatenated with Trellis
Shaping (Fig. 4) for a better performance of the system as
compared to the regular LDPC code solutions [7]. The input
bit stream u is first encoded using the irregular LDPC code.

The encoded bits are then assigned to different modulation
classes based on the error probabilities of the individual bits
inside the QAM symbol. We exploit the irregularities inside
the QAM symbol and design an irregular LDPC code based on
the error probabilities of the individual bits. Subsequently, we
optimize the variable-node degree distribution for constructing
an irregular LDPC code.
Demultiplexer

and check nodes in an iterative fashion. Let LVi ,Cj be the
message from a variable node Vi to a check node Cj . The
variable node update rule in BP algorithm is given by
X
LVi ,Cj = L0 +
(9)
LCk ,Vi ,
k6=j

where L0 is the channel output and the summation is over
all the neighboring check nodes excluding Cj . Similarly, for
check node messages LCj ,Vi , we have


Y
LCj ,Vi = 2 tanh−1 
tanh(LVk ,Cj ) ,
(10)
k6=i

Fig. 4. Block diagram of LDPC code concatenated with Trellis Shaping

1) Notation: Irregular LDPC codes are specified by the
variable and check-node degree polynomials
dcmax

dv max

λ(x) =

X
i=2

λi xi−1

and

ρ(x) =

X

ρi xi−1 , (6)

i=2

where λi and ρi are the fractions of edges connected to
variable and check nodes of degree i, respectively. The rate
follows as
Pdcmax
ρj /j
j=2
R = 1 − Pdv
.
(7)
max
λi /i
i=2

Let the codeword length be Nc . In order to optimize the
variable-node degree distribution for the LDPC code, we will
make use of the irregularities of the individual bits inside
a QAM symbol. Based on the bit-error probabilities of the
individual bits constituting a QAM symbol, we define Nm
to be the total number of modulation classes. Moreover, let
βi be the proportion of bits in each modulation class given
by a vector β = {β1 , β2 , . . . βNm }, with, βj = Nj /Nc ,
Nj is the total number of bits in modulation class j and
Nc is the codeword length. Let λ be the vector of the
overall variable node degree distribution for all modulation
classes. For a modulation class Mj , λMj can be written
as λMj = [λMj,2 , λMj,3 , . . . , λMj,dvmax ]T , where λMj,i is
the sub-degree distribution and represents the proportion of
edges connected to a variable node of degree i belonging to
the modulation class Mj . The overall variable node degree
distribution for the Nm modulation classes is given as
T

,
(8)
λ = λM1 , λM2 , . . . , λMNm
T

where {·} stands for transpose. Moreover, to construct an
irregular LDPC code, we also need the check-node degree
distribution. The check-node degree distribution is given by
the vector ρ = [ρ2 , ρ3 , . . . , ρdcmax ]T .
2) Multi-edge type optimization of the variable-node degree
distribution: In order to optimize the variable-node degree
distribution for an irregular LDPC code, we will follow the
approach of [9], [10]. In the Belief Propagation (BP) algorithm, LLRs are exchanged along the edges between variable

where the product is over all variable nodes excluding Vi .
At the lth iteration, the mutual information from a check node
to the variable node xcv and from a variable node to a check
node xvc computed for a standard LDPC code using density
evolution (DE) with Gaussian approximation, [9], [10], can be
expressed as

q
dcmax
X
(l−1)
(l−1)
−1
(j − 1)J (1 − xvc ) , (11)
ρj J
xcv = 1 −
j=2
dvmax

x(l)
vc =

X
i=2

λi J




2
−1 (l−1)
+
(i
−
1)J
(x
)
,
cv
σ2

(12)

where J(.) computes the mutual information, i.e., x = J(m)
given as
Z
(z−m)2
1
J(m) = 1 − √
log2 (1 + e−z ) · e− 4m dz , (13)
4πm R
where z ∼ N (m, 2m) is a consistent Gaussian random
variable. In our analysis, the variable node degree distribution
is split into sub-groups based on the modulation classes Nm .
Thus, we adapt and modify Eq. (12) as
!
vmax
Nm dX
X
2
(l)
−1 (l−1)
λMj,i J
xvc =
+ (i − 1)J (xcv ) . (14)
σj2
j=1 i=2
With equations (11) and (14), the density evolution for the
mutual information of the LDPC code, with Nm sub-class
variable-node degrees is summarized as
2
(l−1)
x(l)
).
vc = F (λ, ρ, σ , xvc

(15)

We need to ensure the mutual information to increase per
iteration, i.e.,
(l−1)
(l−1)
F (λ, ρ, σ 2 , xvc
) > xvc
.
(16)
Another important constraint to be fulfilled by the ensemble
LDPC code is the stability constraint which ensures
convergence of the mutual information close to one. The
stability condition gives an upper limit for degree-2 variable
nodes [10],
Z
1
x
1
−r
>e =
P0 (x)e− 2 dx = e− 2σ2 ,
(17)
λ′ (0)ρ′ (1)
R

with P0 (x) being the message density for the received values
and λ′ (x) and ρ′ (x) being the derivatives of the degree

polynomials. The bits in our schemes experience different
channel noise with different equivalent noise variances σj2 ,
thus, we exploit the average density, given by utilizing the
modulation class proportions β,
e

−r

=

Z X
Nm
R j=1

βj · P0,j (x)e

−x
2

dx =

Nm
X
j=1

βj · e

−

1
2σ2
j

.

(18)

Splitting the variable-node degree distribution into subclasses
results in a sum constraint. For the algorithm to converge, the
sum constraint is formulated as [9]
vmax
Nm dX
X

λMj,i = 1 .

(19)

j=1 i=2

3) Optimization algorithm: With all the constraints and
characterization for the density evolution algorithm, we optimized the variable-node degree distribution with a maximum
degree dvmax . Our strategy was to optimize the variablenode degree distribution which maximizes the code rate. We
modified the optimization algorithm proposed in [9], [11]. The
linear programming routine requires the check-node degree
distribution ρ, the maximum variable node degree dvmax ,
proportion of the bits in various modulation classes β, the
required code rate R and the variance vector σ 2 derived from
the bit-error probabilities of different modulation classes. After
obtaining an optimized variable-node degree distribution, the
parity-check matrix H is constructed using the ProgressiveEdge-Growth (PEG) algorithm.
IV. R ESULTS AND DISCUSSION
For the simulation results, we have considered an OFDM
system with 128 sub-carriers, square 256-QAM, and Gray
labeling (Type-I in [6]). We use a rate-6/7 LDPC codes (both
regular and irregular codes) each of length Nc = 896, in order
to match one OFDM frame. The LDPC code is concatenated
with Trellis Shaping which adds 1 bit of redundancy per
QAM symbol, thus the overall code-rate then equals 3/4. In
order to decode the LDPC codeword, we use BP with 50
iterations. We also compare our results to a system without
Trellis Shaping. The codeword length and the code rate for
such codes are chosen to be 1024 and 3/4, respectively.
As shown in the Fig. 2, the input bit stream u is first encoded
with an optimized irregular LDPC code. In order to optimize
the LDPC code, we exploit the bit-error probabilities of
the individual bits inside the M -ary QAM symbol. For the
256-QAM constellation with Gray mapping B = 8, i.e., each
QAM symbol maps 8 bits, thus, we have Nm = 4 modulation
classes. The bit-error probabilities of these modulation classes
are given as Pb,i = {Pb,M1 , Pb,M2 , Pb,M3 , Pb,M4 }. Out of the
8 bits, the first 2 bits with error probability Pb,M1 are used to
select the MSBs while the last 6 bits are used to choose the
LSBs. For the 256-QAM constellation, we will use the exact
bit-error probability formulas as derived in [8]1 to compute
1 The authors in [8] gives the expression for a noise with N /2 power
0
spectral density, however, we have modified the expressions for a noise with
N0 power spectral density, i.e., we use a two-sided definition.

the individual noise standard deviations for the different
modulation classes, σ = {σ1 , σ2 , σ3 , σ4 } using Eq. (2).
For
the
LSBs
with
bit-error
probabilities
{Pb,M2 , Pb,M3 , Pb,M4 }, no preprocessing is performed,
thus, the noise variance of the individual modulation classes
is obtained directly using Eq. (2). However, for the MSBs,
which are preprocessed by the inverse syndrome former
(H−1 )T , in order to calculate the standard deviation σ1 , we
must take the bit-error probability of the (H−1 )T Pbsf into
consideration along with Pb,M1 as well. From the Pb,M1 of
the first modulation class of the 256-QAM constellation, we
can easily calculate the standard deviation σM1 using Eq. (2).
Next, we try to compute the bit-error probability for
the (H−1 )T . For trellis shaping, we considered the (5,7)
shaping code Cs , with a generator matrix G, defined as
(1 + D2 , 1 + D + D2 ). We choose (2,3), i.e., (D, 1 + D) as
a left inverse of the syndrome former (H−1 )T of the shaping
code Cs [3]. Based on the weight distribution of the code, the
bit-error probability of the input bits encoded by the (H−1 )T
can be calculated by exploiting the Union bound. Restricting
it to the first term at df ree , the Chernoff bound yieds
 Es df ree
11
Bdf ree e− N0
,
(20)
P (b) ≈
k2
where Bdf ree represents the total number of erroneous bits
at a distance df ree . Sign-bit shaping with rate-1/2 means an
inverse syndrome former with k = 1. Moreover, from the
transfer function, Bdf ree = 1, and df ree = 3 for (H−1 )T .2
Now, the input bit sequence encoded by the inverse syndrome
former sees a channel with a standard deviation defined by
σM1 . With these values, the final bit-error probability Pbsf
for the input bit sequence encoded by the inverse syndrome
former is formulated as
1  − S 3
,
(21)
e N
Pbsf ≈
2
2
where S/N = Es /N0 with N = σM
. Using Eq. (2), the noise
1
2
variance σ1 for the MSBs, can be calculated as

σ12 =

1
.
2{erfc(2Pbsf )}2

(22)

The vector of standard deviations σ for the individual modulation classes is then given as σ = [σ1 , σ2 , σ3 , σ4 ] . σi is
the standard deviation of the ith modulation class of the 256QAM constellation.
Based on σ, we optimize the variable-node degree distribution λ for a given check-node degree distribution ρ.
The check-node degree distribution ρ(x) considered herein
is ρ(x) = 0.8266 x34 + 0.1345 x35 + 0.0087 x70 +
0.0302 x71 [10]. Other parameters required for the optimization of the degree distribution are, R = 6/7, dvmax = 30
and the proportion of bits in each modulation class β =
[128/896, 256/896, 256/896, 256/896]. Table I shows the optimized variable-node degree distribution using the procedure
2 For (D, 1+D) inverse syndrome former (H−1 )T , the transfer function is
D3
= D3 + D4 + . . .
given as T (D) = 1+D

TABLE I
VARIABLE - NODE DEGREE DISTRIBUTIONS FOR IRREGULAR
LDPC WITH / WITHOUT CONCATENATED WITH T RELLIS
SHAPING , FOR A 256-QAM CONSTELLATION WITH G RAY
MAPPING , Nm = 4 MODULATION CLASSES .
M1
M2
M3
M4

with TS
λ3 = 0.08583
λ3 = 0.0243
λ6 = 0.29473
λ2 = 0.05175
λ6 = 0.10605
λ7 = 0.09568
λ2 = 0.08975
λ7 = 0.03603
λ30 = 0.21588

without TS
λ6 = 0.03682
λ7 = 0.02237
λ30 = 0.58173
λ12 = 0.17234

0

10

Reg. LDPC with TS
Opt. LDPC with TS
Reg. LDPC w/o TS

λ2 = 0.04595
λ6 = 0.03446

10

λ2 = 0.04207
λ6 = 0.04159
λ30 = 0.02266

−2

10

A. Performance at the transmitter, PAR reduction
Figure 5 shows the CCDF of the PAR for an OFDM system
with and without Trellis Shaping. A gain of approximately 4.1
dB at 10−5 can be obtained using Trellis Shaping.
0

10

Opt. LDPC w/o TS

−1

as sketched in Section III-B2 and Section III-B3. Table I also
shows the variable-node degree distribution for an irregular
LDPC code without trellis shaping, with parameters, R = 3/4,
Nc = 1024, dvmax = 30, and β = [0.25, 0.25, 0.25, 0.25].
After obtaining the optimized variable node degree distribution, we next constructed the H matrix using the PEG
algorithm.

PAR original data
Trellis shaping

−1

10

CCDF (PAR)

outperforms the regular codes. Despite of having incorporated
the rate loss by using Eb /N0 , the gap between curves of the
LDPC code concatenated with Trellis Shaping and without
Trellis Shaping is primarily due to the different code rates
used, i.e., 6/7 in case of Trellis Shaping and 3/4 without Trellis
Shaping.
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Fig. 6. FER curves for irregular vs. regular LDPC codes with and without
Trellis Shaping
V. S UMMARY

For the irregular LDPC code, we optimized the variablenode degree distribution based on the irregularities of the individual bits inside a higher order M-ary QAM constellation.
For the input bit sequence encoded by the inverse syndrome
former, the bit-error probability was computed based on the
transfer function of the inverse syndrome former. The LLRs
for the shaping code sequence were obtained using a BCJR
algorithm based on the compound trellis of the shaping code
and the inverse syndrome former. The system performance can
be improved by concatenating an irregular LDPC code with
Trellis Shaping.
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Fig. 5. CCDF(PAR) of Trellis Shaping for OFDM system, N = 128

B. FER of irregular vs. regular LDPC codes
For performance comparison, we consider a (3,21) regular
LDPC code with the same specs as the irregular LDPC code.
For the H matrix of the regular LDPC code we used the
random construction.
Figure 6 shows the performance curves for irregular and
regular LDPC codes. In case of Trellis Shaping, the system
performance can be improved by 0.6 dB when using irregular
LDPC codes as compared to regular LDPC codes. The figure
also shows the FER curves for a system using LDPC codes
concatenated with OFDM without Trellis Shaping. Even for
the systems without Trellis Shaping the irregular LDPC codes
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